
G
uid

eb
o

o
k

Erica W. Carlson is a Professor of Physics and Astronomy 
at Purdue University. She holds a PhD in Physics from the 
University of California, Los Angeles. Professor Carlson has 
published dozens of research articles in peer-reviewed journals, 
and her TEDx talk on emergence was well received among 
both scientists and nonscientists. She was elected a fellow of 
the American Physical Society and has received numerous 
awards, including Purdue’s highest teaching award, the Charles 
B. Murphy Outstanding Undergraduate Teaching Award.

U
nderstanding the Q

uantum
 W

orld

THE GREAT COURSES®
Corporate Headquarters
4840 Westfields Boulevard, Suite 500
Chantilly, VA 20151-2299
USA
Phone: 1-800-832-2412
www.thegreatcourses.com

PB9750A

Professor Photo: © Jeff Mauritzen - inPhotograph.com.
Cover Image: © Pasieka/Science Source.

Course No. 9750 © 2019 The Teaching Company.

An acclaimed physicist uses analogies to everyday life to teach the rules that govern 
the microscopic world of particles in this accessible introduction to quantum theory.

“Pure intellectual stimulation that can be popped into 
the [audio or video player] anytime.”

—Harvard Magazine

“Passionate, erudite, living legend lecturers. Academia’s 
best lecturers are being captured on tape.”

—The Los Angeles Times

“A serious force in American education.”
—The Wall Street Journal

Understanding the 
Quantum World

Professor Erica W. Carlson
Purdue University

Course Guidebook

Science & Mathematics
Topic

Physics
Subtopic

https://www.thegreatcourses.com


Published by

THE GREAT COURSES

Corporate Headquarters

4840 Westfields Boulevard | Suite 500 | Chantilly, Virginia | 20151‑2299

[phone] 1.800.832.2412 | [fax] 703.378.3819 | [web] www.thegreatcourses.com

Copyright © The Teaching Company, 2019
Printed in the United States of America

This book is in copyright. All rights reserved. Without limiting the rights under copyright reserved above, no 
part of this publication may be reproduced, stored in or introduced into a retrieval system, or transmitted, in any 
form, or by any means (electronic, mechanical, photocopying, recording, or otherwise), without the prior written 
permission of The Teaching Company.

http://www.thegreatcourses.com


i

Erica W. Carlson, PhD
Professor of Physics and Astronomy

Purdue University

E rica W. Carlson is a 150th Anniversary Professor and Professor of 
Physics and Astronomy at Purdue University. She holds a BS in Physics 

from the California Institute of Technology as well as a PhD in Physics from 
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Prior to joining the faculty at Purdue, Professor Carlson did research in 
theoretical condensed matter physics at Boston University. Her major 
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the prediction of a new phase of matter called a vortex smectic-A, and the 
discovery of electronic fractals in strongly correlated electronic materials.
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Research Corporation for Science Advancement’s Cottrell Scholar Award 
and was elected a fellow of the American Physical Society “for theoretical 
insights into the critical role of electron nematicity, disorder, and noise in 
novel phases of strongly correlated electron systems and predicting unique 
characteristics.” At UCLA, she won the teaching associate award from the 
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UNDERSTANDING THE 
QUANTUM WORLD

T he microscopic world of particles—such as atoms, electrons, and 
photons—is ruled by quantum mechanics. It’s a wild world where 

particles become waves, waves become particles, and our understanding 
of how physical objects behave is challenged to the core. This course 
explores the fascinating findings scientists have uncovered about how 
quantum particles operate.

The first segment of this course dives into the basic weirdness of quantum 
phenomena: Based on measurements in laboratories, we know that small 
particles like electrons can be in 2 places at once. You’ll learn how the 
2-slit experiment reveals that even a single electron exhibits what’s called 
interference effects when it has 2 possible paths it could follow. You’ll also 
learn how this foundational experiment reveals both the particle and wave 
nature of quantum objects.

The second segment of the course explores the meaning of these strange 
findings. Can a particle really be in 2 places at once? Can Schrödinger’s 
cat really be both dead and alive at the same time? The mathematics 
of probabilities underlies much of quantum theory. Does this mean that 
particles really behave in random ways, or do we use probabilities to 
account for our own lack of knowledge? You’ll learn what scientists think 
these probabilities mean and how to interpret Heisenberg’s uncertainty 
principle for position/momentum and for energy/time.

The third segment of the course explores the physical consequences of 
the idea that electrons are waves. Through analogies to physical systems 
such as Slinkies and drumheads, you’ll gain an intuitive understanding of 
the standing wave shapes that electrons take in atoms, molecules, and 
materials. You’ll also learn how these beautiful geometric shapes determine 
much of the structure in the periodic table of the elements as well as that of 
molecules and materials.

Understanding the Quantum World

COURSE SCOPE
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Understanding the Quantum World

COURSE SCOPE

The fourth segment of the course tackles the consequences of quantization 
of energy and angular momentum. You’ll learn the strange behavior of 
angular momentum at the quantum level, including what it means that 
electrons and other quantum objects have quantized spin. You’ll also learn 
how the photoelectric effect reveals that light—which was first thought to be 
only a wave—is comprised of quantum particles known as photons.

In the final segment of the course, you’ll learn about the fundamental 
quantum distinction between particles known as fermions and bosons 
as well as about how fermions have been used to test the Einstein-
Podolsky-Rosen paradox. The course finishes by building on several of the 
foundational quantum concepts presented earlier in the course in order to 
explain why metals are metallic and why superconductors can conduct 
electricity without losing energy.

Throughout the course, you will discover multiple applications of quantum 
mechanics to your everyday life, including magnets, color vision and 
lighting, and the exquisitely accurate quantum clocks that govern the global 
positioning system (GPS). By the time you complete this course, you will 
gain an appreciation for the incredible beauty and mystery that underlie 
quantum phenomena, and you will gain an understanding of what we 
know—and what we don’t yet know—about the quantum world. 
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Lecture 1

Particle-Wave 
Duality

T he world of quantum mechanics is a world unlike the 
one we observe every day. It’s a world of very small 

objects—things like atoms, or the things inside of atoms, 
that just don’t seem to play by the rules that apply to large 
objects. In fact, some of the ideas in quantum mechanics 
sound like they can’t possibly be true. For example, 
consider particle-wave duality: Quantum mechanical 
objects sometimes act like a wave and sometimes act like 
a particle. But although such ideas seem strange and even 
contradictory, learning the inner workings of quantum 
physics will help resolve some of these paradoxes.

Scientists tend to prefer the language of mathematics and equations 
to explain quantum physics because it is a much more precise 
language than spoken languages, such as English.  
 
Most of these lectures will not use any equations; instead, analogies 
will be heavily relied on. But because analogies are rarely perfect, 
there will be ambiguities.

01
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LECTURE 1  Particle-Wave Duality

Are Particles Waves?
 • Quantum mechanics is the world of the very tiny. It deals with things 

about as small as atoms or smaller. So, atoms obey quantum mechanics; 
the protons, neutrons, and electrons inside of atoms also obey quantum 
mechanics; the things that make up protons and neutrons obey quantum 
mechanics, too; and so on.

 • In this tiny world, things aren’t always what they seem. It turns out that we 
shouldn’t think of particles—such as protons and electrons—as tiny balls or 
even as tiny points. When we look at such particles at the quantum level, 
they look much more smeared out. In fact, at some level of zooming in on 
such particles, they exhibit some properties that are very much like waves.

 • Whatever these quantum objects are, they have some wave 
properties and some particle properties. Here’s how you 
can get started thinking about this conundrum: Picture a 
wave that is not wiggling everywhere. To the right, 
it’s flat and not wiggling. In the middle, there’s a 
wavy portion, and then it flatlines again, and the 
wave is not wiggling on the left. 

 • Here’s a key concept for waves 
in quantum physics: Where the wave is not 
wiggling and is flat, there is no chance of finding 
the particle when you go to look for it—when you go 
to measure its position. In the middle of the wiggly part, 
where the wave is biggest, is where you’re most likely to find the particle. 
In fact, the bigger the amplitude, or height, of the wave, the more likely 
you are to find it in that spot. You’re less likely to find the particle on the 
edge of the wiggly part, and there’s no chance of finding it where the 
amplitude of the wave is zero, which is the flat part.

 • So, if we take a wave that looks kind of like the one pictured above 
and then shrink it down really small, it’s going to look like a particle to 
you from a long distance. This is one way to think about how it could 
be possible that something could be both a particle and a wave. That’s 
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because you’re not going to notice the 
wavelike nature anyway until you’re 
looking at very small length scales. But 
the wave is actually there.

 • The shape of the wave tells us a lot of 
things. In addition to telling us where 
we’re likely to find the particle, it tells 
us the energy and the speed of the 
particle, as well as other properties.

 • This means that if we know the exact 
shape of a quantum wave, we could 
use math to write down that shape 
and then we could apply math to it to 
get answers about what the particle 
is doing.

 • Let’s say you’re a scientist in a laboratory 
and you’d like to get those answers out of the quantum particle. To do 
that, you need to make some measurements on it. It’s like you’re asking the 
particle what, exactly, it is doing. To find that out, you would need to be 
able to measure things like energy, position, and speed—characteristics of 
what the particle is doing at any given time.

Here’s the key in 
quantum mechanics: 
These tiny particles 
have some sort of 
wavelike character 
to them. But don’t 
ask what’s actually 
doing the waving! 
Let’s just follow 
Richard Feynman 
and agree that 
something is 
waving, and leave 
it at that for now.

Marie Curie’s measurements of minerals 
overturned the reigning paradigm that 
atoms were the smallest bits of matter in the 
universe and showed instead that atoms 
have an internal structure of their own.

Marie Curie

Understanding the Quantum World

LECTURE 1  Particle-Wave Duality
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LECTURE 1  Particle-Wave Duality

 • And when researchers know these things, that helps them predict 
what the particle will do in the future—in the next few moments of their 
experiment. And this ultimately helps researchers control these things and 
turn them into technologies, such as the transistors on the silicon chip in 
your smartphone or the lasers that 
are used to read DVDs.

 • If you happened to have in your 
laboratory a device for measuring 
the entire shape of a quantum 
mechanical wave, you’d be able 
to learn everything about that 
particle all at once. In other words, 
the shape of the wave would tell 
you exactly what the particle is 
doing—called its state.

 • But there’s a problem in making 
that connection with the real world. We don’t actually get to measure the 
wave directly. When we go to do measurements in a laboratory, we’re 
stuck measuring things like energy, position, and speed; we don’t get to 
measure directly what the shape of a wave is. It’s just not accessible to 
us in the lab.

 • But if we knew it, we would basically be able to know everything there is 
to know about the particle and what it’s doing. So, many of the difficulties 
that come up in quantum mechanics are because of the limitations of 
what measurements we can make.

What Does Quantum Mean?
 • In the term quantum mechanics, the quantum part refers to the term 

quantized, which has to do with counting things. If the things that are 
being counted come in whole numbers or in discrete values, they are 
quantized.

You’ll often hear scientists 
talking about momentum 
instead of speed, because 
they’re very closely 
related. In this lecture, 
however, you can just 
think of this concept 
as how fast a quantum 
object is moving.

https://www.thegreatcourses.com/
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 • For example, the number of people in a room is a quantized number. 
There might be only one person in a room, or maybe there are 5 or 
10 people in the room. But we’re never going to say that there are 2.5 
people in the room or 5.75 people in the room. We count people in 
whole numbers.

 • Counting things in whole numbers or in discrete answers or packets 
is the sense in which things get quantized in quantum mechanics. For 
example, we often find that rather than a particle being able to take 
on any position, it can only be in certain discrete locations. And rather 
than a particle being able to have any energy, it can only have certain 
discrete values for its energy.

Slinky Analogy
 • But particles are waves, and waves are wiggly. Where do the whole 

numbers come in? Can waves even do that? You’ve never stood on the 
beach, looking out over the ocean, and said something like this: “There 
are only 2 waves out there!” There are always many waves on the 
ocean—some big, some small—and there are so many shapes and sizes 
that you can’t tell where one ends and another begins.

 • But there is something in there that can be quantized—something that 
can be counted in discrete steps, like whole numbers. But how do we get 
whole numbers out of waves?

 • A Slinky can be used to make analogies between the quantum 
mechanical waves that tiny particles have and the waves that can be 
made on a Slinky. This is because the mathematics of a Slinky happen to 
be very close to the mathematics of how real quantum waves operate.

 • To make waves on a Slinky, first stand on opposite sides of a room with 
a partner and stretch a Slinky between you. One person simply holds 
his or her end really still while the other person tries to make waves on 
the Slinky. Although waves can take any shape, there are cases where 
waves can show quantized behavior.

Understanding the Quantum World

LECTURE 1  Particle-Wave Duality
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Understanding the Quantum World

LECTURE 1  Particle-Wave Duality

 • As the first wave is made by one of the holders of the Slinky, notice the 
regular, repeatable behavior—called a mode. Note that there is one 
hump near the person creating the wave, and at the other end, the Slinky 
is not moving.

 • Next, set up some other modes on the Slinky by increasing the speed at 
which the person who is creating the waves creates them.

 • The second mode, which has 2 humps, has very different behavior from 
the first mode. It looks completely different. In the second mode, there’s a 
spot in the middle that does not move at all—called a node.

 • The third mode has 3 humps and 2 nodes in the middle where nothing 
is moving. And the 3-hump mode looks very different from the first and 
second modes.

A  MODE  describes 
a wave that makes 
a regular repeating 
motion while a  NODE  
describes any 
location where the 
wave is not moving.

1st mode

2nd mode

3rd mode

https://www.thegreatcourses.com/
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 • The modes are quantized because they can be counted with whole 
numbers. Because they’re coming up in whole numbers, these are 
discrete modes, and that is one sense in which quantum mechanical 
waves can become quantized. There’s no in-between mode; there’s no 
1.5 mode or 2.75 mode. There’s just mode 1, mode 2, mode 3, and so on.

 • When you go from the first mode (the lowest mode) to the next mode, 
the speed increases. In fact, the speed, the number of nodes, and the 
shape all change together.

 • In other words, the shape of the wave changes the speed of the wave.

 • And if you were to write down the equations and calculate the energy of 
each mode, you would see that the first mode has the lowest energy, the 
second mode has the next highest energy, the third mode has the next 
highest energy, and so on. As you go from one mode to the next mode, 
each one moves faster and has higher energy than the one before it.

 • Quantum mechanical waves are like this: They have a hierarchy of 
energies, and those energies then correspond to other properties as 
well, such as how fast the quantum object is moving. And it all goes back 
to the shape of the wave.

READINGS
Carlson, “Quantum Mechanics in Plain English.” 

Meliga, Lavagnino, and Ratti, How to Catch a Standing Wave.

Mermin, “Two Lectures on the Wave‐Particle Duality.” 

Understanding the Quantum World

LECTURE 1  Particle-Wave Duality

https://www.thegreatcourses.com/


10

Lecture 2

Particles, Waves, 
and Interference 
Patterns

A ll of the quantum particles around us have their own 
waves associated with them. The original experiments 

that showed the wave nature of particles were thought 
experiments designed by Richard Feynman, but these 
experiments—called double-slit or 2-slit experiments—have 
now been realized in laboratories. They involve giving tiny 
particles (think electrons) 2 different ways to go through a 
barrier. Think of a big wall with 2 holes in it, and the holes are 
2 skinny rectangles oriented vertically. If something had only 
a particle nature and no wave nature and you threw it at 
that wall and it made it through to the other side, the particle 
must have gone through one and only one of those openings. 
By contrast, something that only has a wave nature and no 
particle nature can go through both openings at once.

02
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If you’ve ever played an instrument, you’re familiar with how 
to use your instrument to set up standing wave 
modes. Let’s say, for example, you play a wind 
instrument—specifically, a flute. In this case, 
you have standing modes of sound waves 
being set up inside the tube of the flute, and 
each distinct note corresponds 
to a distinct way for 
those sound waves 
to vibrate inside the 
instrument.

Solid Objects
 • Imagine that you have a bunch of tennis balls and are standing in front 

of a big wall made of something solid, such as concrete or stone. The 
wall has one slit that’s tall but only as wide as about 2 tennis balls side by 
side. On the other side of that opening is another big wall, which is solid 
everywhere. This wall is located behind the first wall and is covered with 
strike paper so that when a ball hits the paper, it leaves a mark on the 
paper. This is the means by which you can collect data.

 • If you throw the tennis balls toward the only opening in the first wall, 
many of the balls will simply bounce back to you and will never hit the 
strike paper that is on the wall on the other side of the opening in the first 
wall. But many of the balls will go through the opening in the wall, and 
those balls will go on to hit the strike paper on the next wall. So, there 
should be many dots on the paper behind the opening in the first wall. 
But there shouldn’t be a simple vertical line of dots.

 • Imagine a tennis ball leaving your hand and traveling toward the 
opening in the wall, and as it gets to the opening, rather than going 
straight through, it grazes the side of the opening. That ball is no longer 

Understanding the Quantum World

LECTURE 2  Particles, Waves, and Interference Patterns
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traveling straight; it has slightly changed its direction. When the ball hits 
the wall with the strike paper on it, it’s not directly behind the opening, 
but slightly to the side.

 • After throwing something like 1000 tennis balls through the opening, most 
of the dots on the strike paper would be directly behind the opening, but 
many dots would be to the sides. And the number of those dots would 
become smaller the farther you look from the opening in the wall.

 • If you repeat this experiment with one major change—close the opening 
you had before and instead make a different one just like it but in a 
different part of the wall—when you throw tennis balls toward that new 
opening, you get the same results as before.

 • What happens if there are 2 slits in the first wall and you throw tennis 
balls toward both of them? When you check the strike paper, you find 
that most of the dots are directly behind each opening and a few are to 
the sides of the openings.

 • Basically, when you throw the tennis balls with both openings present in 
the wall, the result is the same as what you get when you have only one 
hole open and throw half the balls and then open only the other hole and 
throw the remaining balls.

 • Because of how the balls 
operate, you expect to find 
the same thing by leaving 
one hole open and then 
the other hole open as 
when you have both holes 
open at the same time. 
Each ball that strikes the 
back wall goes through 
one and only one of the 
openings in the first wall.

https://www.thegreatcourses.com/
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Waves
 • Using the same setup, imagine placing the walls in a pool of water so 

that the water, when calm, reaches about half their height. And from 
a spot in front of the first wall, you make some waves and send them 
toward the wall.

 • At first, you only have one slit 
open, and you can imagine the 
waves approaching the opening. 
On the other side of it, you 
look at the semicircular waves 
heading out and coming toward 
the back wall, where you make 
a measurement—by taking a 
snapshot with a camera. In any 
given instant, you see ripples on 
the back wall that are associated 
with how the semicircular waves 
are getting to the back wall. You 
see that the wave on the back 
wall is tall in the middle and then 
wiggles down and back up and 
that each time it wiggles back up, 
it’s smaller than it is in the middle, 
and then eventually it dies out.

 • If you take a time-lapse photo as 
several of the wiggles go by on 
the back wall, this photo will look 
different; it’s a way of capturing the 
highest spot that the water reached 
on the wall. This shape is smoothed 
out, with one big hump above the 
main water level, now with no 
wiggles (they were all washed out 

Understanding the Quantum World

LECTURE 2  Particles, Waves, and Interference Patterns
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by your time-lapse photography). 
Then, as you look away from the 
vertical gap in the first wall, you 
see that the motion died out and 
the water level just stayed flat far 
away from the opening.

 • Next, imagine opening both of 
the vertical gaps at once and 
sending a bunch of waves toward 
the first wall. Now the waves will 
go through 2 openings. What will happen when you have 2 sets of 
semicircular waves coming out from the vertical gaps in the first wall?

 • If you take a snapshot with your camera, you see a much more 
complicated situation. The waves hitting the back wall are moving in 
opposite directions, smashing into each other. There are lots of high spots 
and low spots and a lot more motion than before.

 • Now when you switch from a snapshot to time-lapse photography, a 
standing wave is produced on the back wall. Your time-lapse photo 
shows lots of wiggles on the back wall. There are places where the size 
of the wiggle is rather high because the waves came crashing into each 
other, but just like any standing wave, there are some places where there 
are nodes—places where the surface of the water is not moving at all.

 • By letting the water 
waves go through 2 
openings at once, you 
make an interference 
pattern between the 2 
waves. The telltale sign 
is that there are some 
places on the back 
wall where the surface 
of the water is still—
those are the nodes.

node node
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In the Slinky example from the previous lecture, when you put 
standing wave modes on the Slinky, there were some places on 
the Slinky that didn’t move, and those are the nodes.

Electrons
 • Imagine you can shrink both the wall and the size of the gaps to very 

tiny scales, where you are able to notice the wave nature of electrons. 
You send electrons over toward the wall that has the 2 vertical slits in it, 
and you can still think of something like strike paper being on the back 
wall. Whenever an electron strikes the back wall, it leaves a mark on 
the paper.

 • When you have only one of the gaps open, as you send electrons 
toward that part of the wall, some of the electrons don’t make it through 
the slits, but many do. This time, the dots on the back wall look just like 
what happened when you threw tennis balls: Most of the dots are 
directly behind the vertical gap, there are a few that are spread out a 
small distance away from the gap, and there are no dots far away from 
the gap.

 • When you open the 2 gaps in the wall at the same time, send electrons 
toward them, and then measure what comes out on the other side, you 
still find that every time an electron hits the wall it leaves a mark and 
that every mark is the same 
size as any other mark on the 
wall. This is an indication that 
you always find that the entire 
electron hit the back wall; you 
never find half of an electron. 
The electrons always arrive in 
one entire packet and make a 
single mark on the wall.

Understanding the Quantum World

LECTURE 2  Particles, Waves, and Interference Patterns
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 • After sending many electrons through, you find that the pattern made on 
the back wall is much closer to that of water waves than it is to that of 
tennis balls. There are some spots where there are many more marks on 
the wall than you would have gotten in the case of the tennis balls. In fact, 
these places look very much like where the water waves were crashing 
into each other, adding together, and making a bigger motion. You also 
see some places on the wall where very few, if any, electrons land. And 
this repeated pattern of many and then few happens back and forth as 
you go along the wall. As you get farther away from the openings in the 
wall, you find areas where fewer electrons have hit the wall.

 • The fact that every dot on the strike 
paper is of the exact same intensity 
is evidence that the electrons act 
like particles. But the pattern of the 
spots on the back wall is just like 
the interference pattern that water 
waves produce, and that is evidence that electrons also have waves 
associated with them. Therefore, the conclusion is that both a particle 
nature and a wave nature are somehow present in the electron at the 
same time.

READINGS
Davisson and Germer, “The Scattering of Electrons by a Single Crystal of 

Nickel.”

Feynman, Leighton, and Sands, The Feynman Lectures on Physics, vol. 3, 
chap. 1. 

Llowarch, “Wave Motion Interference.”

Rodgers, “The Double-Slit Experiment.” 

Taylor, “Interference Fringes with Feeble Light.” 

Electrons really are both 
particles and waves!
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Lecture 3

Observers 
Disturb What 
They Measure

W hat is it like to make measurements on quantum 
mechanical objects? The wave nature of quantum 

objects messes with our experimental setups and tends to 
present us with some strange paradoxes.

The Quantum Living Room
 • Imagine you’re in a universe where quantum effects are large enough 

that you can observe them in your everyday experience without the 
need for any special equipment. Now imagine you’re sitting in your living 
room—which is now a quantum living room—and there’s a particle you 
need to measure. Further imagine that there’s a ficus tree in the room and 
that the particle is sitting on the tree.

Remember: Even though you’re visualizing this as a particle, 
anytime you think only in terms of particles or only in terms of 
waves, that is an approximation. The quantum object is really 
both at the same time.
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Understanding the Quantum World

LECTURE 3  Observers Disturb What They Measure

 • A state is whatever the particle happens to be doing. Right now, the 
particle is on the tree, so it’s in the on-the-tree state.

 • What do you think the wave underlying that state should look like? 
Remember that quantum mechanical waves wiggle more in places 
where you’re more likely to find the particle. And in this case, the particle 
is sitting on the tree. So, the wave underlying the on-the-tree state is 
going to be flat everywhere in the quantum living room except for in 
the tree. In other words, you should envision a wave that is flatlined in 
most parts of the quantum living room, but then it wiggles in the ficus tree, 
before going flat again outside of the tree.

 • This is how you make a wave that corresponds to the on-the-tree-state. 
It’s wiggling in the tree, so when you go to look for the particle, you’re 
going to find it in the tree.

 • The particle can be put somewhere else in the quantum living room. For 
example, if you move the particle onto the quantum couch, now it’s in 
a state called the on-the-couch state. The wave underlying the on-the-
couch state is flatlined everywhere in the living room, and then it wiggles 
a little bit on the couch, and then it quits wiggling, and where the wave 
wiggles most is where you’re most likely to find the particle when you go 
to look for it.

 • If you don’t yet know where the particle is but need to find it, you make 
a position measurement—you measure the particle’s position to find out 
where it is.

 • If you knew the shape of the wave, you would already know where the 
particle is. But it turns out that you can’t measure the wave directly. And 
this is a huge problem in quantum mechanics. It accounts for many of the 
difficulties encountered both in trying to make these measurements and 
especially in trying to interpret them.

 • If you could measure the wave directly, you would know everything 
there is to know about the particle, all at once, including the position. But 
you don’t actually have the ability to measure the shape of the quantum 
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wave directly. And this is a fundamental limitation, one that likely won’t 
be resolved.

 • This means that when scientists make measurements in the laboratory, they 
have to be creative. It’s like asking the particle a question, such as, Where 
are you? The answer to that question would be the particle’s position.

Understanding the Quantum World

LECTURE 3  Observers Disturb What They Measure

An important principle in quantum mechanics—in fact, in 
every branch of science—is that observers disturb what they 
measure. Here’s an analogy for just how disturbing 
these measurements can be.  
 
Imagine somebody trying to measure the position 
of a crystal chandelier, blindfolded, with a baseball 
bat. You probably wouldn’t want someone walking 
into your home and figuring out where your crystal 
chandelier is by blindfolding him- or herself and 
swinging a baseball bat around—but it would 
work. The person could use that method to 
find the location of the chandelier. On the 
other hand, that person would change the 
system in the process!  
 
Observers always disturb what they 
measure. In science, every time we 
make a measurement in any context, 
we’re always disturbing the system. 
On the scales that we’re used to, 
the disturbance is minimal. But 
in quantum mechanics, the 
disturbance is huge.
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Understanding the Quantum World
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 • Another important key to understanding quantum physics is that the laws 
of quantum mechanics are such that there are only certain allowable 
answers to our questions, which is another way of saying that only 
certain answers are allowed when we take a measurement.

 • In fact, this is where the word quantum—which comes from the word 
quantized, which means countable—comes back in. As discussed in 
lecture 1, certain things in your everyday life are quantized. For example, 
there can’t be 3.5 people in a room. So, the question how many people 
are in this room? is an example of one that has only certain allowable 
answers, and the answers in between just aren’t possible.

 • And just like people in a room, particles are quantized. Therefore, when 
you make measurements of a particle, there will only be certain answers 
it can give you when you ask what it’s doing—when you ask for its state.

 • If you took a measurement on the wave that wiggles at the couch, with 
equipment that’s designed to measure the position of the particle, that’s 
like asking the particle, Where are you? In this case, the particle would 
have to reply, I’m on the couch. That’s the only answer that it can give 
because there’s no probability of finding it anywhere except where it’s 
wiggling, and it’s only wiggling on the couch.

 • If you were to repeat the same measurement right away, you’d get 
exactly what you expect in this case. The prior measurement you 
made left the particle in a pure position state. The particle remains in 
that position state in between measurements, and then if you take the 
measurement again, you will get the exact same answer. In short, the 
particle stays on the couch.
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A spinning coin is a good analogy for the way in which 
measurements force particular answers to come out and 
for the fact that you don’t have control over which answer 
comes up.  
 
Let’s say you flip a quantum coin—which, just like a regular 
coin, has heads on one side and tails on the other. You can 
take a measurement by looking to see which side is facing up 
once it lands.  
 
But suppose you spin the coin instead. While it’s spinning, 
it’s neither heads nor tails. In order to make a measurement 
that’s going to give you heads or tails, you have to disturb 
the system—by smacking the coin to flatten it. In the act of 
making the measurement to find out whether it’s heads or 
tails, you force the coin into a new state, and it becomes 
either heads or tails. The question of heads or tails? was not 
well defined until you actually asked the question. This often 
comes up when you make measurements of the quantum 
world.  
 
This spinning coin is also a good analogy for how 
probabilities can present themselves in the quantum world. If 
someone asked you in advance, while the coin is spinning in 
a good vertical spin, what percentage chance you thought 
that person would have of measuring heads, you would say 
50%. And you just know that; you don’t have to do any fancy 
mathematics to figure that out.  
 
A lot of quantum measurements are like that: You may not 
be able to predict the exact outcome, but you will be able to 
predict how often particular answers come out.

Understanding the Quantum World

LECTURE 3  Observers Disturb What They Measure

https://www.thegreatcourses.com/


22

Understanding the Quantum World

LECTURE 3  Observers Disturb What They Measure

Pure States versus Mixed States
 • If particles were always in pure states, quantum mechanics would be 

easy, and it wouldn’t give us so many strange answers. Unfortunately, 
particles are rarely that simple. Instead, they often exist in mixed states 
rather than pure states. And mixed states are part of what gives us some 
of the strange behavior.

 • Each particle has a wave associated with it. Because of the nature of 
waves, the wave can take any shape it wants to take.

 • So, picture a wave shape where the wave is flatlined everywhere, except 
it’s wiggling a little bit on the couch and it’s wiggling a little bit in the tree. 
This is called a superposition—a fancy word that means you added them 
together. Imagine sticking together the 2 states you had before in such 
a way that the wave is wiggling more on the couch than it is on the tree.

 • This is a thought experiment, so you can make it anything you like. Let’s 
say you make it 70% on the couch and 30% in the tree. Waves can do 
that! Given its wave properties, a quantum mechanical particle has no 
problem wiggling a little bit in one place and also wiggling a little bit in 
another place.

 • So, right now, where’s the particle? There’s still just one particle—that’s 
very important!—but its wave now has 2 wiggly parts. It really is in 2 
places at once.

 • What happens if you try to measure the particle’s position while it’s in this 
mixed state? This is like asking the particle where it is. And according to 
the laws of quantum physics, only certain answers are allowed. When 
you ask it where it is, the particle is not allowed to answer, I’m partway 
between the couch and the tree because it is not somewhere in the 
middle; rather, it is in both places at once.

 • When you make this position measurement, the particle must return some 
answer, and that answer has to correspond to a pure state of the question 
you asked. In the case of this mixed-state couch and tree particle, only 
couch or tree are allowable answers. Therefore, the answers are quantized.
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 • When you ask this mixed particle where it is, there is a 30% chance it will 
say tree and a 70% chance it will say couch. And no one has any control 
over which answer it will give.

 • It turns out that the particle itself doesn’t even know which answer it will 
give, and you, the asker, have no way of determining in advance which 
answer the particle will give. The limitation here is not just a limitation of 
the experiments or measurements; the particle itself doesn’t know what 
it’s going to say until it has already become that answer.

WAVE FUNCTION COLLAPSE 
 
Perhaps the weirdest of all quantum phenomena is this: When 
a mixed-state particle is forced by your question to give you 
an allowable answer, it will suddenly and uncontrollably be 
thrown into a pure state of the type the question demands. 
In quantum language, this is called wave function collapse. 
When you ask the question, you force the particle into a pure 
state of that question type, but you have no way of knowing 
which state that will be. Then, when the particle gives its 
answer, it becomes a pure state, and it will stay that way until 
otherwise disturbed. 
 
How do we know that wave function collapse is really what’s 
happening? We don’t. Remember, we can’t measure the wave 
function directly, so we can’t directly track it during these 
measurements. However, the answers that come out of the 
measurements taken in a laboratory match the assumption of 
wave function collapse.

Understanding the Quantum World

LECTURE 3  Observers Disturb What They Measure
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Understanding the Quantum World
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 • Imagine that when you asked the particle where it is, it replied—and was 
snapped into—the couch state. That is a pure position state, not a mixture 
of 2 position states. And it is true, although it’s not the whole truth.

 • Once you make the measurement and force the particle to give up its 
mixed-state wave and become a pure state, after that you have no way 
of finding out that it was ever in the mixed state before—that information 
has been completely gotten rid of. But from now on, if you ask it again 
where it is, the particle will always say it’s on the couch.

The kinds of strange physical phenomena we encounter at 
the quantum level take a while to get used to. At first, even 
Einstein refused to believe that probabilities (or percent 
chances) underlie quantum mechanics, until the evidence 
convinced him otherwise.

READINGS
Carlson, “Quantum Mechanics in Plain English.”

Liboff, Introductory Quantum Mechanics, chap. 3, sections 1–3.

Mermin, “Quantum Mechanics.”
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Lecture 4

Bell’s Theorem and 
Schrödinger’s Cat

Q uantum mechanics says that for each type of 
measurement that’s possible—such as energy, 

position, or momentum—only certain answers are allowed 
and the system must return an answer that corresponds to a 
pure state of the question being asked. The technical language 
is that measurements must return eigenvalues of the type of 
measurement that’s being done.  If we do a measurement in 
a lab and get a certain answer from the measurement device, 
we find that if we repeat that measurement again very quickly, 
we always get the same answer. From the fact that repeated 
measurements done very quickly in time give us back the same 
answer again and again, we infer that the act of measurement 
itself must leave the particle in a pure state corresponding to 
the measurement. In technical language, when a measurement 
returns a particular eigenvalue, it also leaves the particle in an 
eigenstate of that measurement. This is wave function collapse.
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Philosophy of Probabilities
 • Although we can’t predict exactly which state a quantum mechanical 

particle will end up in after a measurement, quantum mechanics does tell 
us how to calculate the odds that the particle will end up in a particular 
eigenstate. That probability is set by the overlap of the prior state with 
all of the possible states that the measurement could potentially return.

 • In the previous lecture’s thought experiment, you thought about preparing 
your quantum mechanical particle in a state that was 30% in the tree and 
70% on the couch. In that example, the state of the system prior to the 
measurement was described in terms of a superposition of pure states 
corresponding to the measurement that you were about to do. In that 
example, both the tree and couch states are pure position states, and 
you just stuck them together to make the 30/70 mixed state.

 • It turns out that you can always do this, no matter what type of 
measurement you’re thinking about. Although a quantum mechanical 
wave can take on any shape in principle, you can always take whatever 
that shape is and decompose it into a superposition of pure states 
corresponding to the measurement you’re about to take. Whatever the 
measurement is, it has some set of eigenstates associated with it, and you 
can use only those eigenstates to form any wave shape you like.

 • So, when you take a measurement on a particle, the probability that 
at the end of the measurement you will end up in a particular state is 
already encoded in the prior shape of the wave. The reason is that the 
prior shape of the wave is already something that can be mathematically 
described as a superposition of eigenstates corresponding to that 
measurement. And the particular amount of each eigenstate that you 
needed to form the prior wave function tells you the likelihood that the 
system will end up in that particular state when you do the measurement.

 • When you take a measurement, you can use probabilities to predict the 
likelihood of any particular outcome. Unfortunately, quantum mechanics 
cannot predict exactly which outcome will happen in any given 
measurement, but it can predict the probability of the outcomes.
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You’ve probably seen a graphic equalizer before—perhaps 
while playing music on your computer. It’s the thing that looks 
like a bar chart with different bars bouncing up and down to 
the music.  
 
For any given sound that you’re hearing at that moment, 
the equalizer is taking the sound waves and breaking them 
down by frequency. The graphic equalizer tells you what 
percentage of the sound waves you’re hearing are high 
notes, what percentage are low notes, and what percentage 
are middle notes. 
 
Just as the sound waves can be broken down into their 
component frequencies, any quantum mechanical wave can 
be thought of as being made up of a certain percentage of 
the allowed eigenstates for the measurement you’re about 
to take. 
 
In the same way that the graphic equalizer can tell you 
what percentage of the sound waves you’re hearing are 
high, middle, or low notes, you can take any wave shape in 
quantum mechanics and describe it as being made up of a 
certain percentage of each allowed answer.

Understanding the Quantum World

LECTURE 4  Bell’s Theorem and Schrödinger’s Cat
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Bell’s Theorem
 • Many physicists have tried to fix this theory so that we can actually 

predict the outcome every time.

 • For example, maybe the particles all have some sort of script they read 
that tells them what to say in certain circumstances, kind of like when you 
call customer service and ask a particular question and there is a script 
that the agent flips through to find out how to answer your particular 
question.

 • This would be something that only the particle can see—something that 
we do not have access to and cannot put in the theory. That’s called a 
local hidden variable theory.

 • The particle’s script would read something like this: Hey, if someone asks 
your position, say, “I’m on the tree.” The idea is that there’s some variable 
or some set of variables that exist for quantum objects, but they’re just not 
contained in the theory of quantum mechanics. And if we could just look 
over the particle’s shoulder and peek at its script, these hidden variables 
would tell us exactly what the particle’s going to do when we take a 
measurement.

 • In comparison to our current predictive capability, which only predicts 
the likelihood of certain outcomes, seeing this hidden script would allow 
us to predict without a doubt what the result of each measurement will be.

 • This concept of local hidden variables has been put to the test 
experimentally. It all started when physicist John Bell derived a theorem 
about how likely certain measurement outcomes are for 2 very different 
options.

1 Assume that the particle has a script it can read that tells it exactly 
what result it will give for any type of measurement that may come up.

2 There is no script.

 • Bell did the math to show that these 2 options lead to very different 
predictions for how likely certain measurement outcomes are.
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 • When we repeatedly set up the same experiment multiple times and 
then measure the particle multiple times, we can experimentally uncover 
what the probable outcomes are. When we do this in the lab and then 
compare the answer to Bell’s theorem, we find that it matches option 2: 
There is no script! This is unequivocal experimental evidence that there 
are no local hidden variables. It means that there is no local script that the 
particle reads to tell it what answer to give in any particular measurement.

 • If it is true that there is no script, then how does the particle know what 
to do? This is very weird! But so far, no one has found any violation of 
quantum theory in the lab.

When we’re looking at things at the quantum level, are the 
probabilities inherent to the system and part of the true fabric 
of nature? Or are the probabilities we employ merely a proxy 
for our lack of knowledge?  
 
We don’t know. Quantum mechanics as it stands can’t 
distinguish these 2 cases.

 • Bell’s theorem ruled out local hidden variable theories, but it didn’t rule 
out nonlocal hidden variable theories.

 • Maybe the outcomes of quantum mechanical events really are purely 
probabilistic in their very nature. In this case, a philosopher would say 
the probabilities are ontological—they actually exist.

 • Or maybe the outcomes of quantum mechanical events are deterministic, 
or determined by preceding events, but we the experimenters employ 
probabilities only as a calculational tool because of our lack of 
knowledge. In this case, a philosopher would say the probabilities are 
epistemological: The system is deterministic, but we use probabilities to 
model our lack of knowledge.

Understanding the Quantum World

LECTURE 4  Bell’s Theorem and Schrödinger’s Cat
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Schrödinger’s Cat
 • Erwin Schrödinger proposed a famous thought experiment that became 

known as Schrödinger’s cat. Here’s the scenario: Pick a large box and 
place inside of it an atom that is unstable to radioactive decay, a Geiger 
counter, and a vial of poison. The Geiger counter is set up to detect 
whether the radioactive atom has decayed or not, and it is connected to 
the vial of poison in such a way that if the Geiger counter detects that the 
radioactive atom has decayed, then it will break the vial of poison. If the 
atom hasn’t decayed, then the poison stays contained.

 • After some time, the question is whether the poison has been released or 
not. And this hinges on whether the atom has decayed or not.

 • If we take seriously the quantum mechanical idea that a particle can be in 
a superposition state before measurement and then the act of measurement 
selects only one component of the superposition to take over, then it should 
be possible for the radioactive element to be in a superposition of both 
decayed and not decayed until it’s measured. And then the process of 
measurement itself will leave the atom in one state or the other.

 • Schrödinger was one of many physicists who thought that the idea that 
the atom could be in a superposition of both decayed and not decayed 
at the same time was ridiculous. To illustrate this, there’s one more thing 
he added to his infamous box. The last step in setting up this thought 
experiment is to convince a cat to come inside the box.

 • Schrödinger pointed out that you would need to secure the internal 
devices against “interference by the cat.” Assuming this could 
be done, Schrödinger used the thought experiment to point out 
something that he thought was ridiculous. He reasoned something 
like this: If a radioactive atom can exist in a state that’s a 
superposition of both decayed and 
not decayed and if the atom gets 
forced into one or the other of 
those component states 
by the measurement 
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process itself, then why not hook up a cat to this whole process? Then, if 
the atom is in a superposition state of both decayed and not decayed, 
the cat will also end up in a superposition of both alive and dead.

 • If quantum theory predicts that the atom can be in a superposition state 
of both decayed and not decayed until a measurement takes place, 
shouldn’t we then presume that the cat will also be in a superposition 
state of both dead and alive until a measurement takes place? And what 
about the measurement itself? Does the measurement happen when we 
open the box and look? Did something inside the device itself already 
constitute the measurement?

 • What constitutes a measurement device? Is the cat the measurement 
device? Is the fragile vial of poison the measurement device? Is the 
Geiger counter the measurement device? All of these are macroscopic 
objects that would undergo an irreversible change once the atom 
decayed. Can we even get a large-scale, macroscopic object like a cat 
into a superposition state? If we could, that would violate our everyday 
intuition that large-scale objects just don’t do that!

 • Because of this famous thought experiment, quantum superposition states 
are often called Schrödinger’s cat states. It’s been shown experimentally 
that Schrödinger’s cat states can be made in the lab for systems that are 
small and for short time periods. How large they can be made and for 
how long remains an open question.

READINGS
Bell, “On the Einstein Podolsky Rosen Paradox.”

Bhatia, “The Experiment That Forever Changed How We Think about Reality.”

Griffiths, Introduction to Quantum Mechanics, sections A.2 and A.3.

Knee, “Do Quantum Superpositions Have a Size Limit?”

Yam, “Bringing Schrodinger’s Cat to Life.”
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Richard Feynman

Lecture 5

Quantum 
Paradoxes and 
Interpretations

T here are various ways to interpret what quantum 
mechanics means. Some interpretations—specifically, 

ones that rely on the idea of hidden variables that are local—
have been ruled out. But there are still many interpretations left 
standing, because they all are empirically equivalent. They all 
predict the things that have been found in experiments so far.

Regarding interpretations of quantum mechanics, Nobel 
Prize–winning physicist Richard Feynman said, 

I think it is safe to say that no one understands quantum 
mechanics. Do not keep saying to yourself, if you 
can possibly avoid it, “but how can it be like that?” 
because you will go “down the drain” into a blind 
alley from which nobody has yet escaped. Nobody 
knows how it can be like that.
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The Copenhagen Interpretation
 • The Copenhagen interpretation, sometimes called the standard 

interpretation, was developed by physicists working in Copenhagen, 
such as Niels Bohr and Werner Heisenberg. It is what is typically taught 
or assumed in textbooks on quantum mechanics.

 • The Copenhagen picture includes wave function collapse—the idea that 
at the end of a measurement process, the quantum mechanical particle is 
in a new quantum mechanical wave state. If it was not already in a pure 
state associated with that measurement type, then it will suddenly and 
uncontrollably snap into an eigenstate of that measurement during the 
measurement process. This is what’s known as wave function collapse. In 
this picture, the wave function collapses in a random way.

 • The Copenhagen interpretation has the interesting implication that 
not all properties of the particle are well defined at any instant in 
time. Previous lectures have used examples that highlight this idea. For 
example, in lecture 3, the spinning coin was neither heads nor tails until 
the measurement happened. That’s a Copenhagen way of looking at 
the world. And when you put the particle in the quantum living room such 
that it was 70% on the couch and 30% in the tree, that particle didn’t have 
a well-defined position until you measured.

 • On the Copenhagen view, the fundamental truth about what the particle 
is doing is contained only in the wave function, and there is nothing more 
that can be known about the particle before the measurement happens. 
And a huge limitation is that the wave function cannot be measured 
directly.

 • One of the problems with the Copenhagen picture is the definition 
of measurement. Even Niels Bohr said that a measurement involves a 
quantum mechanical particle interacting with a measuring device that 
can be treated classically. In other words, the measurement device has 
enough particles in it that it can be described by classical physics.

Understanding the Quantum World

LECTURE 5  Quantum Paradoxes and Interpretations
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 • The measurement device is ill-defined 
in this case. Where, exactly, do we 
draw the line between quantum 
mechanical particles and classical 
measuring devices? Aren’t the 
measuring devices themselves also 
made out of quantum mechanical 
particles? Where, then, would we 
draw the line between the particle 
that’s being measured and the 
classical device that’s doing the 
measuring? When we go to look 
for where that line might be, we find 
that everything is made of quantum 
mechanical particles.

 • This is what John Bell called the 
shifty split, because there’s a split 
in how quantum mechanics treats 
objects. They’re either treated as 
quantum mechanical particles 
or as large-scale, macroscopic 
measuring devices, but it’s unclear 
in the laboratory exactly where the 
microscopic quantum world ends and 
where the macroscopic world begins.

 • In an attempt to set a crisp definition 
on what a measurement means, 
Eugene Wigner proposed that 
the key aspect of a measurement 
process involves the consciousness of 
the observer. In other words, human 
consciousness is needed to cause a 
wave function to collapse.

Eugene Wigner’s 
basic idea is that 
if consciousness 
is involved in the 
measurement 
process and then the 
measurement process 
affects the particle, 
causing it to snap 
into a new state, then 
surely you can use 
your consciousness to 
directly affect quantum 
mechanical particles. 
And maybe you can 
even use this to create 
your own reality.  
 
But that can’t be right, 
because if people 
could use quantum 
mechanics to create 
their own reality, then 
we’d all be driving 
expensive cars and 
have everything we’d 
ever want. And that’s 
just not how the world 
works. We can’t use 
quantum mechanics to 
create our own reality.
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 • Wigner’s idea never gained much traction among physicists. The reason 
for this is that the measurement device that we use in a lab can record 
its answers whether someone is present or not. We can set up an 
experiment to take measurements on some schedule and have it record 
the answers as it gets them—no consciousness needed.

 • Now there is a modified, or modern, Copenhagen interpretation, 
which says that the measurement device itself is sufficient to cause wave 
function collapse. This is the view that has been presented in this course, 
because it’s the view that’s typically taught in a physics course—because 
it has stood the test of time. The idea works exceedingly well for making 
predictions, and no experimental violation of the standard interpretation 
has ever been observed.

 • One of the problems with the modified Copenhagen interpretation is 
that it seems to include effects that can propagate faster than the speed 
of light. For example, in the wave function collapse idea, a measurement 
device way out in space may interact with one tiny part of a wave 
function and cause the whole thing to collapse instantaneously, even 
though they’re only interacting in a tiny part of space. Albert Einstein 
labeled this behavior “spooky action at a distance.”

A Realist View
 • Einstein took a realist view. Rather than following the Copenhagen 

interpretation that particles may not have well-defined position or that 
they may not have well-defined momentum before a measurement 
happens, Einstein believed that the particles really had those properties 
before the measurement.

 • He also didn’t like the idea of nonlocality, which is the idea that 
something a long distance away could instantaneously affect something 
somewhere else. For these reasons, he claimed that quantum mechanics 
is an incomplete theory and there must be more going on.
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 • Einstein and his colleagues Boris Podolsky and Nathan Rosen proposed 
what became known as the EPR (Einstein-Podolsky-Rosen) paradox to 
showcase the inadequacies of the standard interpretation. This proposal 
was experimentally tested, and the Copenhagen interpretation was 
vindicated.

The Many-Worlds Interpretation
 • Another interpretation has been labeled the many-worlds interpretation. 

This is the idea that when a measurement occurs, the universe itself splits 
into 2 parts. Whatever was possible given the probability set by the 
original wave function prior to measurement, those possibilities each 
happen in a distinct instance of the universe.

American physicist Hugh Everett originally proposed the 
many-worlds interpretation as the relative-state formulation 
of quantum mechanics. It wasn’t taken seriously at the time; 
in fact, Everett was rather ostracized for it. But a version of 
it was later revived and now goes by the name of the many-
worlds interpretation.

 • To contextualize this, think back to lecture 3 with the particle in the 
quantum living room. The particle was in a state that was 30% in the tree 
and 70% on the couch. According to the many-worlds interpretation, 
when you go to measure where the particle is, the universe will bifurcate. 
There will be one universe in which the particle ends up on the tree and 
a second universe where it’s on the couch.

 • There are myriad problems with this interpretation (although it has 
led to a lot of great science fiction novels and television shows), 
including conservation of energy, conservation of particle number, and 
conservation of universe number.
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The Modified Many-Worlds Interpretation
 • There’s also a modified many-worlds interpretation. In this view, we 

should consider that every particle in the universe should be included 
in the quantum mechanical description. Then, we should write down a 
single wave function that is a many-particle wave function that describes 
every particle in the universe. And that wave function is governed by the 
laws of quantum mechanics.

 • In this view, there is no distinction between the 
system being measured and the observer or 
measurement device, because by definition 
there can’t be anything outside the universe that 
could perform a measurement on the universe.

 • A drawback of this way of looking at things is 
that a wave function to describe every particle 
in the universe at once would be rather 
complicated, and no one has succeeded in 
writing it down.

Bayesian Probability
 • A completely different view of what quantum theory means is taken by 

Bayesian probabilists.

 • Recall that a basic question is this: What do the probabilities associated 
with the wave function really mean? Are they random in the sense that 
the particle actually behaves in a truly random way, or are all those 
probabilities a proxy for our lack of knowledge?

 • The Bayesian probabilist interpretation views the probabilities associated 
with the wave function as epistemological probabilities; that is, rather 
than viewing the probabilities of the wave function as being associated 
with the particle itself, this view says that the probabilities are really all in 
one’s head.

Prior to this 
lecture, we’ve 
only considered 
single-particle 
wave functions; 
in other words, 
we’ve considered 
one particle 
at a time and 
its associated 
wave function.
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 • Bayesian probabilists view the probabilities as a statement of the current 
state of our knowledge. On this view, when a measurement happens, 
we update the wave function that we’re using to describe the particle 
not because the particle changed, but because our knowledge about 
the particle changed.

 • This view has a strong following today among people who are working 
on the foundations of quantum mechanics.

Explicitly Nonlocal Versions
 • There are also hidden-variable formulations of quantum mechanics that 

were not ruled out by experimental tests of Bell’s theorem. These all 
involve nonlocal hidden variables that we can’t directly measure or track 
and that influence each other instantaneously at long distances.

 • The most prominent example of this is the pilot-wave theory, developed by 
Louis de Broglie and David Bohm. It’s a nonlocal hidden variable theory; 
the behavior of one particle depends on the current state of every other 
particle in the system. And so far, it hasn’t made any different predictions 
from the standard quantum theory that would allow us to test it.

 • One potential problem in this theory is that the nonlocal effects are 
instantaneous. However, it turns out that we still can’t use those long-
distance instantaneous effects to send a message with information content, 
so in that sense, it does not violate special relativity, which says that neither 
particles nor information can propagate faster than the speed of light.

Environmental Dephasing
 • Yet another view is that of environmental dephasing, in which there are 

nonlocal hidden variables, allowed by Bell’s theorem, that are coming 
from the environment. This view reminds us that a particle is never 
isolated; it’s always somewhere, in some context, surrounded by some 
environment that interacts with it all the time.
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 • In this view, when we go to take a measurement, we need to remember 
that we’re not just dealing with the quantum particle and the measurement 
device; we also need to include the surrounding environment of the 
whole thing in our considerations. In this picture, the environment 
itself is constantly essentially measuring the particle already, and the 
combination of particle plus environment plus measuring device is the 
total system that determines what types of final states are accessible after 
a measurement.

 • This view has a good following among physicists.

What are we to make of all these different interpretations?  
 
While each one fills in a lot of conceptual details that 
quantum theory itself leaves open, none of them can erase 
the basic weirdness of quantum mechanics, which is that a 
single electron interferes with itself when it’s put through the 
double-slit experiment. 

READINGS
Feynman, Photons, Corpuscles of Light (see especially 23:03–26:15).

Feynman, Leighton, and Sands, The Feynman Lectures on Physics, vol. 3, 
chap. 2, section 6.

Mermin, “Is the Moon There When Nobody Looks?”

Schlosshauer, “Decoherence, the Measurement Problem, and Interpretations 
of Quantum Mechanics.” 

Snoke, Natural Philosophy, Section 10.3.
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Lecture 6

The Position-Momentum 
Uncertainty Relation

G erman physicist Werner Heisenberg noticed a 
problem that physicists encounter when they attempt 

to measure the speed and position of quantum objects. 
He codified these observations into a principle that has 
come to be known as Heisenberg’s uncertainty principle: 
The more we know about where a particle is, the less we 
know about how fast it’s moving, and the more we know 
about how fast a particle is moving, the less we know about 
where it is. Because how fast something is moving is related 
to its momentum—which is the mass of the particle times 
its velocity—this uncertainty principle is often stated as an 
uncertainty between position and momentum.

Types of Waves
 • There are a few different types of wave shapes. In each case, we want 

to think about how much knowledge can we get about exactly where 
the particle is, and how much knowledge can we get about exactly 
what its wavelength is.
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 • One type of wave is flat in most places. On one side it’s flat, and then 
there’s a wiggly part in the middle, and then it’s flat again. And where the 
wave is flat, you’re not likely to find the particle. But you are likely to find 
the particle somewhere in the wiggly part. And where the wave 
is wiggling more, you are more likely to find the particle.

 • In the quantum living room from lecture 3, where you 
had a particle in the on-the-couch state or in the on-the-
tree state, wave shapes looked like this. That’s because this is 
what the wave shape looks like for a fairly localized particle. When you 
go to measure where it is, you’re pretty certain you know where it is.

 • But what happens if you try to measure the wavelength of this type of 
wave shape? The reason you would want to measure the wavelength is 
because it’s directly related to momentum.

 • In this case, you need to know the distance from a crest to a trough and 
back up to a crest again. But for the wave shape you’re working with 
now, the crests are not the same height, so that’s going to give you some 
uncertainty in the measurement process.

 • To be really certain about the distance from crest to crest, you would want 
to measure several different places in the wave shape. And what you’re 
looking for is the repeat distance. You want to see a shape repeated 
again and again to get a more certain result about the wavelength.

Wavelength is a measure of how long the wave shape 
is. It is measured in units of length, such as meters. 
Places where the wave is high are called crests, and 
places where the wave is low are called troughs. One 
wavelength is measured from one crest to the next crest.
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 • For this wave shape, this means that you could measure from the middle 
crest to the next crest and then to the next one, and then there’s not much 
of it left to measure anymore. So, with this type of waveform, you would 
end up with a measurement where you’re not very certain exactly what the 
wavelength is. That means you wouldn’t know much about the particle’s 
momentum. You would have an idea of the range of the momentum that 
this particle could have, but that range is fairly wide in this case.

 • And it all goes back to the shape of the wave: Because the crest-trough-
crest pattern is not repeated many times, you can’t be very certain about 
how long that pattern really is.

 • Now consider a completely different type of wave—one where you can 
be much more certain about your wavelength measurement.

 • In this case, picture a wave shape that has the same repeat distance 
repeated over and over. That repeated repeat distance is the feature 
that’s going to give you the ability to measure the wavelength very 
accurately.

 • In order to do that, you measure the distance 
from one crest down through the trough and 
back up to a second crest. And to be more 
certain of the measurement, you measure the 
next part of the wave from the second crest to 
yet another crest. And the more times you can 
measure a crest-to-crest distance in this way, 
the more certain you can be of exactly what 
wavelength this waveform has. 

 • In this case, the repeated measurement gives you a range of momentum, 
but it’s a very skinny range. You would say that you have a high degree 
of certainty of what this momentum is.

 • But in order to make a wave shape where you can be fairly certain of 
exactly what the wavelength is, you have to repeat the wave, repeat the 
wave, repeat the wave—and in the process of doing that, it spreads the 
wave out into many places at once.

https://www.thegreatcourses.com/


43

 • So, now if you go to make a measurement of position on a particle like 
this, there’s no telling where you’re going to find it. It really is in many 
places at once.

 • The wave character itself forces this uncertainty principle upon you. And 
it’s the same type of uncertainty you have with any wave in any context.

 • Wave shapes that have a very definite wavelength are spread out, and 
wave shapes that have a more definite position have a less well-defined 
wavelength to them.

Let’s say you’re driving down a quantum freeway in Quantum 
Land and a quantum police officer points a radar gun in 
your direction and measures your speed. Remember that 
each time you take a measurement in quantum mechanics, 
that measurement needs to return a pure state of the type of 
question asked.  
 
Because the officer essentially asked a question about how 
fast you’re going, that forces you and your car to snap into 
some state that is a pure state of momentum. But in a pure 
state of momentum, that periodic structure of going from crest 
down the trough back up the crest just repeats an infinite 
number of times. 
 
So, the very act of measuring how fast you’re going caused 
your wave to change into the type of wave shape where your 
wave is now wiggling all over the entire universe. 
 
Sure, the police officer knows you’re speeding, but the officer 
will never be able to find you to write the ticket. So, there 
can’t be any speeding tickets in Quantum Land!
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Implications of Heisenberg’s 
Uncertainty Principle for Atoms
 • Heisenberg’s uncertainty principle determines a lot about how atoms 

behave. It’s a fundamental property of all waves. And if it weren’t for 
Heisenberg’s uncertainty principle, atoms would have no structure at all. 
There wouldn’t be any chemistry to speak of, which means there would 
be no chemical bonds. And without chemical bonds, you can’t make the 
objects that make up your everyday life.

What are atoms made of?  
 
Inside an atom, there’s a nucleus and one or more electrons 
swarming around the nucleus. The nucleus itself is made 
of protons and neutrons. Protons are positively charged. 
Neutrons have no charge; they are neutral. 
 
The charge on an electron is negative, but the amount of 
charge on the electron is equal and opposite to the amount 
of charge on a proton. This means that you 
can count how many protons there 
are inside an atom, and for each 
proton, you will have one and 
only one electron, because 
they are oppositely charged 
and opposites attract.  
 
If there’s an imbalance 
between the number of 
electrons and the number of 
protons, that is called an ion.
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 • Let’s consider a neutral atom, with electrons swarming around the 
nucleus. The electrons move so quickly that they effectively fill space. 
It’s similar to the way a fan fills space when it’s turned on: Even though 
there’s a bunch of empty space in between each fan blade when the fan 
is turned off, when you turn the fan on, the blades move so fast that they 
effectively fill space.

 • So, the electron is zooming around the nucleus really quickly, but it’s 
still mostly hanging out near the nucleus. Because it’s moving around 
so much, we don’t talk about the distance between the electron and 
the nucleus, but we do talk about the average distance between the 
electron and the nucleus—which is about 1 angstrom, or 10−10 meters. 
That’s a small distance, but it’s not zero, and this means that there can be 
structure inside of the atom. The electron can zoom around the nucleus in 
complicated ways and make interesting shapes. And it’s those interesting 
shapes and all of that interesting structure that give rise to chemistry.

 • But if the electron is negatively charged and the proton is positively 
charged and opposites attract, why doesn’t the electron just go and 
sit right on top of the nucleus? The reason goes back to Heisenberg’s 
uncertainty principle.

 • In order for the electron to sit right on the nucleus and be nowhere else, 
that requires the kind of wave that’s flat everywhere except for right at 
the nucleus. So, that would give you the kind of state where you are very 
sure of where the electron is. It would be sitting right on the nucleus, so 
your knowledge about the position of the electron would be that it’s 
somewhere in the tiny range that is the extent of the nucleus.

 • But Heisenberg’s uncertainty principle says that if there is a very tiny 
spread in the range of position of an object, there must be a proportionally 
larger spread in the range of its momentum. What that effectively means 
for the electron is that if it were to have a waveform where it really was 
just sitting right on top of the nucleus and was nowhere else, then that 
electron would have a huge range of momentum.
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 • Rather than having one single momentum, or even having zero momentum, 
it would be constrained by Heisenberg’s uncertainty principle to have a 
lot of different momenta at the same time. And this corresponds to having 
a high energy state.

 • So, because of Heisenberg’s uncertainty principle, the lowest energy 
state that the electron can take around an atom is not actually for it to 
sit right on top of the nucleus and nowhere else. Instead, the lowest 
energy state, and the best thing for the electron to do, is to have some 
compromise. Therefore, it spreads its wave shape out to be about an 
angstrom wide, which is 100,000 times wider than the nucleus!

 • So, the electron is zooming around the nucleus a lot, but in fact that leads to 
a lower spread in momentum, which leads to lower energy. Taking a wave 
shape that is 100,000 times wider is a lot more space! And all of this extra 
space gives room for the electron’s wave to take very interesting shapes.

 • But if it were not for that interesting structure in those interesting shapes—
that is, if it weren’t for Heisenberg’s uncertainty principle—then the 
electron would just sit right on top of the nucleus and there wouldn’t be 
any structure to the electron around an atom.

 • And then there wouldn’t be any chemistry to talk about, because chemistry 
is about how electrons behave around an atomic nucleus, and especially 
about how atoms can share electrons and form chemical bonds.

Heisenberg’s uncertainty principle is pervasive, touching all 
areas of quantum theory.

 • The equation for Heisenberg’s uncertainty principle is (Δx)(Δp) ≥ ℏ/2, 
which says that the spread in position x and the spread in momentum 
p must always be greater than or equal to Planck’s constant divided 
by 2. Planck’s constant (ℏ, called h-bar) controls the strength of quantum 
effects. In our universe, the value of Planck’s constant is small enough that 
we don’t see these effects so prominently in our everyday lives. But such 
effects do become obvious when we observe things on quantum scales.
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 • Even though Heisenberg’s uncertainty principle is inescapable in 
our universe—it is a big deal for how electrons behave in atoms—the 
constraint that it places on large objects ends up being too small to be 
measured for objects we can hold in our hand. As a result, we don’t 
notice uncertainty when it comes to measuring position and momentum 
of large objects.

READINGS
Feynman, Leighton, and Sands, The Feynman Lectures on Physics, vol. 3, 

chap. 2, sections 2-1 and 2-2.

Gamow, “The Principle of Uncertainty.”

Griffiths, Introduction to Quantum Mechanics, section 1.6.
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Lecture 7

Wave 
Quantization

Y ou’ve explored what standing wave modes can look 
like in a one-dimensional geometry by putting waves 

on a Slinky. Quantum mechanical waves also make standing 
wave shapes, but they do it in all 3 dimensions of space.

Wave Modes in 1 and 2 Dimensions
 • A standing wave mode has regular, 

repeatable behavior, and each mode 
is distinct.

 • In one dimension, the first mode on a 
Slinky has only one hump, and the only 
places where the wave is not moving are 
at the very ends, where it’s tied down.

 • The second mode has 2 humps and 
one more node—a place where the 
wave is not moving—in the middle. This 
mode vibrates much more quickly than 
the first mode.

A dimension 
of space is any 
direction in which we 
can walk or jump. 
Because we can 
move in 3 different 
ways—right to left, 
front to back, and 
up or down—we 
say that we live in 3 
dimensions of space.
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 • The third mode in one dimension has even more humps and nodes on 
it, and it also moves much more quickly than the lower-energy modes.

 • The resonant modes that waves take on depend on the geometry that 
they’re confined to. If you change what’s called the boundary conditions 
of any wave system, the shapes of the standing waves will change 
accordingly.

 • This time, instead of holding one end yourself and having someone hold 
the other end, with the Slinky stretched horizontally, hold it only from the 
top and let the bottom be a free end. This is still in one dimension, but 
you’ve changed the boundary conditions, because one end is free.

 • When you look for the resonant modes of this system, they are similar 
to what you saw before, but—because the boundary conditions have 
changed—they have different overall shapes.

 • The first mode has a very slow motion, even slower than the first mode 
that you had when both ends of the Slinky were tied down.

 • The second mode has one node in the middle where the wave is not moving.

 • In the third mode, each new standing wave mode adds one more node 
where the wave is not moving. This also means that the wave moves faster.

 • Even in this new geometry, the shape of the wave is tied to such 
information as energy and speed.

 • Examples of boundary conditions include where the edge of the system 
is and whether the wave is allowed to move at the edge of the system or 
not. The different boundary conditions affect the shapes that the waves 
take and how they behave, as you discovered with the Slinky.

 • But there are also some much more interesting standing wave shapes 
that can happen in circular geometries. For example, the sound that 
comes out of any drum depends on exactly which standing wave modes 
get excited and how much each particular mode gets excited when the 
drummer hits the drum.
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 • If you’ve ever jumped on a trampoline, 
then you have firsthand experience of the 
first mode that happens on a drumhead. 
In the first mode, the whole membrane 
moves up at the same time, passes back 
down through the middle, and then 
moves down at the same time. This type 
of motion on a drumhead produces the 
lowest frequency in the sound that you 
hear coming from the drum.

 • If you’ve ever worn a sombrero, then 
you know what the second mode of 
a drumhead looks like. The drumhead 
moves up and down in the middle, just 
like you’d expect. But it also moves up 
and down in a ring around the outside. 
And there is one node in the middle 
where the wave is not moving. Because 
of the geometry, the node makes a 
circle. This is about the place where a 
sombrero makes contact with your head.

 • The next mode in this series has 2 nodes 
on the drumhead. They form concentric 
rings centered about the point in the 
center of the drumhead.

Lower-frequency modes have 
longer wavelengths, which is why 
larger drums have a lower sound.
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 • Because these waves are happening on a 2-dimensional surface, you 
can also make a completely different set of modes happen.

 • The main feature of a different series of modes is that the nodes form 
a straight line that passes through the center, called a line node. You 
can add as many line nodes as you like, and each new line node also 
passes through the center. Line nodes are constrained to pass through 
the center because of the circular symmetry of the drumhead. There’s an 
infinite series of modes of these types of shapes on the drumhead.

 • Circular nodes and line nodes are the only 2 types of nodes that are 
allowed by the circular symmetry of the system. But there is a third type 
of standing wave mode that you can put on the drum. You can make 
this third type of wave shape by combining the 2 types of nodes at the 
same time. The wave shapes that this makes are constrained 
to have a single line node that runs through the 
center in addition to a single circular node 
that is somewhere in the middle but still 
concentric with the center of the drum.

 • And if you keep going, adding more line 
nodes and more circular nodes, you can 
make some pretty crazy-looking shapes!

In this circular geometry, the symmetry of the system only allows 2 
types of nodes to happen. The first type of node is circular nodes, 
which are centered on the center of the drum. You can have as many 
circular nodes as you like, as long as they stay concentric.  
 
The second type of node is a line node that passes straight through the 
center. These lines radiate out from the center of the drumhead. Again, 
you can have as many of these lines as you like, as long as they stay 
equidistant from each other. These line nodes form shapes like stars.
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Wave Modes in 3 Dimensions
 • What kind of shapes do the waves of electrons make around the nucleus 

of an atom? There are some ground rules that govern the behavior of the 
electron waves:

Even in this more complicated case of a 3-dimensional geometry, any 
nodes that happen must either pass through the central point—the role 
played by the nucleus of the atom—or be concentric with it.

Because opposites attract, electrons (which are negatively charged) 
are attracted to the nucleus (which is overall positively charged, 
because it contains protons, which are positive, and neutrons, which 
are neutral). The fact that positive and negative charges are attracted 
to each other is called a potential energy.

Faster motion costs more energy. The waves that correspond to 
fast-moving particles have a lot of tiny wiggles in them and short 
wavelengths, so in quantum mechanics, each time you add a node, it 
costs more kinetic energy, which is the energy of motion.

 • The interplay of kinetic energy with potential energy, subject to the 
constraints of standing wave modes in a 3-dimensional geometry, sets 
the shapes of the waves that electrons make around an atomic nucleus.

 • Think about the simplest atomic nucleus, which is a single proton. Once 
you put an electron with it, that will form a hydrogen atom. When 
the electron gets close to that proton, the electron feels the electrical 
attraction to the proton and kind of snuggles up to it, and then the wave 
shape of the electron settles into a standing wave mode, making a 
3-dimensional wave around the proton. The lowest standing wave mode 
that the electron takes around the nucleus basically looks like a big ball. 

 • Atomic orbitals are the states that electrons take in an atom. Those states 
amount to energy levels. There’s a different state corresponding to each 
energy that an electron can have inside of an atom. And the shapes that 
quantum waves make tell us everything about what the particle is doing, 
including the energy of the particle.
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 • Each atomic orbital corresponds to a different 3-dimensional standing 
wave. They’re called things like the 1s state, 2s state, 2p state, 3d state, etc.

 • Of all the standing wave modes an electron can take around the nucleus 
of an atom, the 1s state is the lowest mode, and it’s also the lowest energy 
state. One of the characteristics of this mode is that it has no nodes; there 
is no place where the wave is not moving, except infinitely far away from 
the nucleus. The shape of the wave tapers off quickly as you move away 
from the nucleus. It follows an exponential falloff.

Why is there no node in the lowest energy state? 
 
This is actually a general thing found in quantum mechanical 
states. It’s because having a node requires that the wave 
function wiggle more, and a wave that wiggles more has 
higher momentum, and a higher momentum, means higher 
kinetic energy. 
 
So, the lowest energy state is a kind of compromise, involving 
a low kinetic energy state (one with no nodes in it) but still 
having the electron taking some shape where it hangs out 
close to the proton. The combination of this localizes the 
electron wave into a standing wave mode centered on the 
nucleus.

 • In this 1s state—just like the Slinky went around in time and just like the 
drumhead moved up and down with time—the wave also needs to 
change in time. In the case of electronic waves, what’s changing in time 
is a number associated with every spot in space, and that number is 
called a phase. The phase changes in time, in a regular, repeatable 
way, and it periodically returns to the same value.
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 • The next mode looks like a ball in the middle 
surrounded by another ball. The outer ball 
completely surrounds the middle one. They’re both 
spherical, and they’re both centered on the nucleus 
of the atom. This is called the 2s state, and it’s the 
second-lowest energy state the electron can take 
around the hydrogen atom.

 • This standing wave shape has a node. The place where the wave is not 
moving is an infinitely thin 3-dimensional spherical shell separating the 
inner ball from the outer ball. It’s a spherical node, and it’s centered on 
the nucleus.

 • The third standing wave mode in this series of 
3-dimensional standing wave modes has 2 spherical 
nodes. Now there are 2 fuzzy balls surrounding 
the middle ball, and they are all concentric and all 
centered on the nucleus of the atom. This is the 3s 
atomic orbital. This one has 2 spherical nodes, one 
node separating each of the 3 fuzzy balls, and the 
nodes are all concentric with the nucleus.

These balls are all close to an angstrom in size, which is 
about a billionth of the size of your hand.

The main characteristic 
of the s series of modes 
is that they form balls 
centered around the 
nucleus, and in between 
each layer, there’s a 
spherical node separating 
one ball from the next.

 • Every atomic orbital that’s an 
s state looks like this. There’s a 
series of fuzzy balls separated by 
spherical nodes, all concentric 
with the nucleus, and the number 
of fuzzy balls corresponds to the 
number of the state: The 1s state 
has 1 ball, the 2s state has 2 balls, 
and the 3s state has 3 balls.
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 • As these spherical shells of nodes are added to the structure, the average 
distance between the nucleus and the electron increases. So, the 3s state 
is larger than the 2s state, which is larger than the 1s state.

Planar and Conical Nodes
 • Let’s switch to thinking about a different series of standing wave shapes 

for an electron in 3-dimensional space. The next type of node—rather 
than being a line—is an entire plane that cuts space into 2 distinct regions. 
And each of these plane nodes cuts through the nucleus of the atom.

 • If you place one planar node on the nucleus of the 
hydrogen atom, this is the 2p state. The wave never 
wiggles on the planar node that passes through 
the nucleus.

 • The next standing wave shape in this series has 2 
planes slicing through the nucleus, and on these 
planes the wave doesn’t wiggle. But the wave 
does wiggle in each quadrant. Think of this as an 
orange that has been cut into quarters. You could cut the 
orange into sixths or into eighths, for example, and each time you add 
another slice, the electron wave shape goes into a higher mode and 
therefore its energy is increased.

 • In addition to nodes that are shaped like spheres (always centered on 
the nucleus) and nodes that are shaped like a plane (each of which 
intersects the nucleus), the third type of node for 3-dimensional wave 
shapes are conical nodes. This means that the places where the wave is 
not wiggling are shaped like waffle cones.

 • The pointed end of these conical nodes will always intersect the nucleus 
of the atom, and each cone will always have a mirror partner, as though 
the ice cream shop served your waffle cone standing straight up on a 
mirror. As you add more nodes, the standing wave shapes become more 
intricate and have higher energy.
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READINGS
Dauger, Atom in a Box (program), http://www.daugerresearch.com/orbitals/

index.shtml. Instead of “Standard 3-D,” choose “Phase as Color.” The 
states are labeled as |n l m>. The first letter, n, corresponds to the energy 
level. The second letter, l, tells you how many nonspherical nodes are 
present. Play around with this program and have fun!

Russell, “Mode Shapes of a Circular Membrane.” 

Smith, Normal Modes of a Circular Drum Head. http://demonstrations.
wolfram.com/NormalModesOfACircularDrumHead/. You can interact 
with this demonstration using Wolfram’s free CDF Player, and you can add 
as many or as few nodes as you like to the circular drumhead. 

Trott, Nodal Domains of Spherical Harmonics.

http://www.daugerresearch.com/orbitals/index.shtml
http://www.daugerresearch.com/orbitals/index.shtml
http://demonstrations.wolfram.com/NormalModesOfACircularDrumHead/
http://demonstrations.wolfram.com/NormalModesOfACircularDrumHead/
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Lecture 8

Quantum Wave 
Shapes and the 
Periodic Table

T he quantum energy levels that electrons take in an 
atom must be quantized. They come in discrete steps of 

energy, where each particular energy is set by the attraction 
between the electron and the nucleus, the kinetic energy of 
the motion of the electron wave, and the shapes the waves 
can make in that geometry.

Quantum Chemistry and 
Atomic Orbitals
 • Atomic orbitals, or the energy levels that electrons take inside of an atom, 

have names that involve numbers and letters, such as 1s, 2s, 2p, 3s, 3p, 
3d, and so on. The numbers organize the energy levels by the amount 
of energy they have. The state with the number 1 has the lowest energy. 
States with the number 2 are the next energy up from there. States with 
the number 3 are even higher energy, and so on.
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 • And if you put enough energy into the system, eventually the electron will 
just fly away and no longer be bound to the atom. So, one of the key 
things to keep in mind is that every standing wave shape that electrons 
can take around an atom is a bound state. If the electron is said to be 
bound to the atomic nucleus, this means that that bound state or that 
standing wave shape is a lower energy than if the electron were to go 
far away from the nucleus of the atom.

NUMBERS AND NAMES OF ATOMIC ORBITALS 
 
The simplest atom possible is a hydrogen atom. What makes 
this atom so simple is the number of protons and the number 
of electrons. Inside the hydrogen atom’s nucleus is only one 
proton and no neutrons. 
 
Atoms are charge-neutral objects, so they always have one 
electron to balance each proton in the nucleus, which is why 
the hydrogen atom has one electron. 
 
When the electron and the proton are separated infinitely 
far apart, we will take that as our reference energy and by 
definition call that the zero-energy state. We’re justified in 
declaring that infinite separation state to be zero energy 
because at infinite separation, the electron and the proton 
should not be interacting with each other. 
 
As the electron and proton move closer together, they can 
start to form a bound state. Because the proton is so much 
heavier than the electron, the proton can be treated as not 
moving and the electron can be treated as moving, with its 
wave function taking the standing wave shape. This is an 
approximation, because really they’re both moving.
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 • The names of the atomic orbitals are shown below. The 
numbers reflect roughly how high the energy is.

 • Standing wave shapes depend on the number 
of nodes, and the number of nodes sets the 
energy level.

In energy level 1, there are no nodes.

In level 2, there’s 1 node.

In level 3, there are 2 nodes.

In level 4, there are 3 nodes … .

 • The letters that follow the numbers are s, p, d, and f. 
Each letter describes the type of nodes that the state has.
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Energy Levels
 • The lowest energy state that the electron and proton can take together 

is when the electron goes into the 1s state. In this state, the 1 stands for the 
lowest energy state and the s means there are no nonspherical nodes—
or, this case, no nodes at all.

 • The energy of the 1s state in hydrogen is a negative number. This is 
because it’s a lower energy than the infinitely-far-separated state that we 
defined to be zero energy. Bound states always have negative energy 
relative to infinite separation. The hydrogen atom is stable, because it’s 
lower energy for it to stay together than for the electron to be separated 
far from the proton.

 • In the next energy level—level 2—the shapes that electron standing 
waves take will always have one node. For example, in the 2s state, the 
electron wave has one spherically shaped node.

 • Every time a node is added, that increases the energy 
of the wave, so this state is at a higher energy than 
the 1s state. But both energies are negative, because 
these are still bound states that the electron takes 
around a proton in order to form a hydrogen atom.

 • There’s another way to put one node into the 
electronic wave shape, and that’s to have a single 
planar node.

 • These states are called 2p states.
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 • Notice that there are 3 independent 2p states. That’s because in 3 
dimensions of space, there are 3 independent orientations that the planar 
node can take. If the node is placed so that it bisects the z-axis, that is 
called a pz state. But if instead that node is oriented so that it bisects the 
y-axis, that is called a py state. And when that planar node is oriented to 
bisect the x-axis, that state is called a px state. 

 • Each of the states in level 3 will have higher energy than the 1s state or the 
2s and 2p states, but the energies are still negative because these are 
still bound states.

 • In energy level 3, each of the standing wave modes will have 2 nodes 
that form the shape of the wave. As with all the s states, the 3s state must 
have what’s called spherical symmetry. In order to have 2 nodes and 
maintain spherical symmetry, these have to be spherical nodes.

 • Another way to put 2 nodes in the standing wave is to 
have one spherical node and one planar node. These 
nodes form the 3p states. And just like the 2p states, that 
planar node can be placed so that it bisects either the 
x-axis, the y-axis, or the z-axis, so altogether there are 
3 different 3p waves.

 • The 3d states in quantum chemistry each have either 
2 planar nodes or 2 conical nodes. There are 5 
different wave shapes in this level.

The 3 shapes in this level that are the easiest to spot 
each have 2 planar nodes that bisect 2 of the axes. 
If one node is placed so that it bisects the x-axis 
and the other node is placed so that it bisects the 
z-axis, that results in the 3dxz atomic energy level. 
In the same way, if the 2 nodes are placed so that 
one bisects the x-axis and the other bisects the 
y-axis, that results in the 3dxy atomic energy level. 
And if the 2 nodes are placed so that one bisects 
the y-axis and the other bisects the z-axis, that 
results in the 3dyz atomic energy level.
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There’s one more independent standing wave 
mode that has 2 planar nodes. In this case, if the 
dxy orbital is rotated by 45° around the z-axis, 
that results in another independent standing wave 
mode in this energy level, called the 3dx 2−y 2 state. 

The last independent standing wave mode in this 
energy level has 2 conical nodes instead of 2 
planar nodes, and they intersect at the nucleus, 
pointed in opposite directions, like an ice cream 
cone standing on a mirror. This is called the 
3dz 2 state. 

The Periodic Table of the Elements
 • Aside from the standing wave shapes, there are a few more concepts 

that are fundamental to understanding the structure of the periodic table.

 • One of these concepts is electron spin. Think of each electron as spinning 
on an axis. Quantum mechanics forces the electron to have its axis pointed 
either up or down. If the electron appears to be rotating counterclockwise 
when viewed from the top, that is called spin up, and if it appears to be 
rotating clockwise when viewed from the top, that is called spin down. The 
key concept is that there are 2 flavors of spin: either up or down.

 • The other important concept that is called the Pauli exclusion principle, 
according to which no 2 electrons can be doing exactly the same thing 
at exactly the same time.

 • The 3 concepts that will set the periodic table are

the shapes that the electrons’ standing 
waves can make around the nucleus;

the nature of the electron’s spin, up or 
down; and

the Pauli exclusion principle.

The Pauli exclusion 
principle is named after 
Austrian-born physicist 
Wolfgang Pauli.
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Hydrogen
 • The hydrogen atom has one proton and one electron, and that electron 

can be in any of the standing wave modes discussed so far. However, 
the lowest energy state of the hydrogen atom is the 1s state.

 • The lowest energy state is often called the ground state, in analogy with 
the ground floor of a building. In quantum mechanics, though, the ground 
state is the absolute bottom of the energy scale in any given problem. 
Because atoms are typically found in their ground state in nature, the 
periodic table is structured according to the ground state of each atom. 
And because there’s only one electron in the hydrogen atom, its ground 
state is the 1s state.

Helium
 • The next atom in the periodic table is helium, which has 2 protons in the 

nucleus, so it has 2 electrons bound to it.

 • Think about adding one electron at a time to form the atom. The electrons 
you add to the atom are going to tend to want to go into the lowest 
energy state available. When you put the first electron on the helium 
nucleus, it will naturally go into the 1s state.

 • The electron also has spin, so let’s say that you took a spin-up electron 
and put it into the 1s state. When you try to put in the next electron, 
remember that electrons obey the Pauli exclusion principle: No 2 
electrons can do exactly the same thing at the same time. If you were 
to take that second electron and try to force it into the 1s state such that it 
had the same spin direction as the first electron, that would be forbidden. 
The only way to get that second electron into the lowest-available 
energy state is to have its spin point down so that it’s opposite to the first 
electron. Now it can be in the 1s state.
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Lithium
 • The next atom in the periodic table is lithium, which has 3 protons in the 

nucleus, so to form a charge-neutral atom, you’ll need to put 3 electrons 
in there.

 • You can start with what you already figured out as the ground state for 
the helium atom: The first 2 electrons go into the 1s state, and their spins 
are oppositely oriented.

 • The third electron can’t go into the 1s state because then 2 of the 3 
electrons would have the same spin. Therefore, it has to go somewhere in 
the second energy level, because that’s the lowest-available energy level.

 • That still leaves options. Maybe the electron could go into the 2s state, or 
maybe it could go into one of the 2p states. Because there are already 
2 electrons in the 1s state, that actually affects the energies of the 2s state 
and the 2p state.

 • When the 1s state is already filled, the 2s state has a slightly lower energy 
level than the 2p state, so when you add a third electron to the lithium atom, 
it will go into the 2s state. And because you’re only adding one electron, 
you don’t need to keep track of spin direction for that third electron.

Beryllium
 • The next atom in the periodic table is beryllium, which has 4 protons in 

the nucleus, so you need to find a place to put 4 electrons in standing 
wave orbitals around this nucleus. You can pick up where you left off with 
the previous atom, lithium, which means the 1s shell is completely filled 
with 2 electrons of opposite spin and the third electron is in the 2s state.

 • If you think of that electron as having spin up, then when you go to put the 
fourth electron on the beryllium atom, the lowest energy state available 
is the 2s state. You just need to be sure you put this last electron into the 
2s state with its spin pointing down to satisfy the Pauli exclusion principle.
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Boron
 • With 5 protons in the nucleus, boron is where the chemistry becomes 

more interesting. You now have a fifth electron to place. The next lowest 
states available are the 2p states. The p orbitals can be oriented along 
the x-, y-, or z-axis, and each p orbital can accommodate 2 electrons 
of opposite spin. That means there are 6 possible ways for you to put 
the next electron into a standing wave shape around the boron nucleus.

 • And at this point in the process, those 6 possibilities are equivalent in 
energy, so it really doesn’t matter where you choose to put this next 
electron.

 • Let’s say you put the electron in the pz state—the one that has a planar 
node that bisects the z-axis—and that you put it in with spin up.

The P Block
 • Chemistry and chemical interactions are all set by the topmost electron in 

any atom. In the case of boron, there is one electron in the p shell, but the 
rest of the p shell is unfilled. For that reason, you say that you’re working 
in the p block of the periodic table.

 • As you place the next 5 elements into the periodic table, the electrons 
will be filling up that p block. So, as you go from boron to carbon to 
nitrogen to oxygen to fluorine to neon, each time you’ll be adding one 
more electron into the p shell until the 2p shell is filled up with 6 electrons 
in the neon atom. As you continue to add protons to the nucleus of the 
atoms, you also add electrons so that the number of electrons exactly 
balances out the number of protons.

 • The order in which the atomic orbitals get filled as you march through 
the periodic table is captured in a graphic that follows what’s called the 
Madelung rule. In this graphic, you can follow the arrows to see which 
state is filled in which order.
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 • The rule works pretty well, until the d 
shells get almost filled or almost half 
filled, but as a general guideline, 
it’s a good place to start. Each new 
electron gets added to the lowest 
energy state available, like stacking 
blocks in a tower.

 • Many-electron quantum chemistry 
is complicated, mainly because the 
electrons interact with each other—
and not just with the nucleus—so there 
are occasional exceptions to the 
Madelung rule once you get about 
halfway through the first d block.

 • Despite these complications, the general structure of the periodic table is 
largely set by the standing wave shapes that electrons can take around 
the nucleus of the atom. Each new row in the periodic table adds one 
more node for the topmost electron in the stack.

The Madelung rule is 
named after German 
physicist Erwin Madelung.
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READINGS
Griffiths, Introduction to Quantum Mechanics, sections 4.1 and 4.2.

Mernoff, “Atomic Orbital Collection.” https://www.thingiverse.com/
thing:1194700. High school chemistry and math teacher Brian Mernoff has 
provided files to 3-D print atomic orbitals, including a brief lesson plan for 
teachers. 

Nave, HyperPhysics, “Visualizing Electron Orbitals,” http://hyperphysics.phy-
astr.gsu.edu/hbase/Chemical/eleorb.html. 

SUMMARY OF LECTURES 7 AND 8

The standing wave shapes that electrons take around the nucleus of 
their atom depend on

 © the electrical attraction between the electron and the nucleus,
 © the kinetic energy of the electron, and
 © the constraints of 3-dimensional geometry.

Once there is more than one electron in an atom, then you need to 
consider

 © the spin of each electron (up or down),
 ©  the Pauli exclusion principle (no 2 electrons can be doing 
exactly the same thing), and

 © the interactions between the electrons.

These are the essential pieces of quantum physics that determine the 
structure of the periodic table of the elements and set up the chemical 
building blocks of all the matter around us.
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Lecture 9

Interference 
of Waves and 
Sloshing States

T he atomic energy levels—such as 1s, 2s, and 2p states—
are the natural wave modes that electrons tend to take 

around the nucleus of an atom. If the electron is prepared 
with some wave shape that isn’t one of these standing wave 
states, that state turns out to be unstable, and very quickly 
it will decay into one of the natural, stable atomic energy 
levels.

Phase and Energy
 • The phase—a number associated with every spot in space—of the 

wave function slowly changes with time. A phase of a wave in quantum 
mechanics is like an angle, and once an angle has gone around by 
360°, it comes back to the same place and starts again. In this way, the 
phase of a wave is similar to the hand of a clock, which goes around 
and around at the same specific rate, periodically returning to where it 
started and then repeating itself.
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 • Imagine that at every point in space, the wave function has associated 
with it a little arrow, kind of like a clock hand, that’s going smoothly 
and consistently around and around. At any instant, the phase of the 
wave function can be represented by the angle that the hand is making 
from, say, the x-axis. How quickly that phase angle changes with time is 
directly tied to the energy of the particle.

 • This physics is described by the time-dependent Schrödinger equation: 
The phase of the wave function rotates in time at a rate that’s directly 
proportional to the energy of the state.

 • The modes of a Slinky each correspond to a particular shape that the 
Slinky makes. The shape of the mode sets the energy as well as the 
frequency with which the Slinky is rotating in time. If you view a Slinky 
from the end, you can see that just like a clock hand, the Slinky follows a 
circular pattern over and over again.

 • As the Slinky rotates, that rotation can be associated with something like 
a hand of a clock sweeping around in time, and the angle of that hand 
can correspond to the position of the Slinky as it rotates around. The 
speed at which the clock hand rotates is entirely set by the energy of the 
mode that the Slinky is in.

 • In the first mode, that’s the lowest energy state, so the 
Slinky rotates around slowly in time. In the second 
mode, that’s a higher energy state, and the 
Slinky rotates in time faster than it did in the 
first mode. That corresponds to a clock 
hand moving around more quickly in 
time. And the pattern continues into 
the third and higher modes. The 
higher the energy of the mode, the 
faster the Slinky rotates in time, and 
the faster the clock hand would 
have to rotate in order to map 
that out.
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Stationary States
 • Any state that has a single energy associated with it is a state with a pure 

energy. These states are called energy eigenstates (eigenstate is another 
word for mode) or stationary states.

 • In fact, every atomic orbital you have seen thus far is a stationary state. 
They each have their own frequency at which the phase changes, and 
that’s set by the energy of the state. Because each atomic orbital is an 
energy eigenstate, it is also a stationary state.

 • The reason for the name stationary state is because the measurable 
quantities in these states are not changing with time—including the energy, 
the place where you’re most likely to find the particle, and the value 
you’re most likely to find for the momentum when you go to measure it.

 • All that’s changing with time in these stationary states is the phase of 
the wave function. But we don’t have direct experimental access to 
the phase of the wave function. Because the overall phase of a wave 
function is not a quantity we can measure directly, then we can say that 
everything that is measurable about this state is stationary with respect to 
time. And this is true of even the most complicated atomic orbitals.

Superposition
 • You can always make a new state by adding together 2 waves that you 

already had. What happens if you take a single electron and put it into a 
wave that you’ve made to be, for example, 50% in one atomic state and 
50% in a different atomic state?

 • It seems a bit odd at first to think of a single electron doing this, but you’ve 
seen this before—when you had the particle in the quantum living room. 
At one point, you thought about that particle being 30% in the tree and 
70% on the couch, but there was still only one particle.
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 • Here, you’ll take a single electron 
and have its wave wiggle partly with 
one shape and partly with another. 
At each point in space, you’ll just add 
the 2 waves together, just like you did 
in the quantum living room.

 • Let’s start by seeing what happens if you add together 2 states that 
look pretty different, such as the 2s state and the 2pz state. Then, you 
could put an electron into a state that is the addition of these 2 waves, 
or the superposition. The result of this addition is interesting; it becomes a 
lopsided-looking state.

 • The intensity plot shows that this superposition 
state is also a stationary state. And the reason 
that happened is because you took 2 waves 
that already had the same energy and you 
added them together.

 • So, even though the s state has a phase 
that’s rotating in time and the p state has a 
phase that’s rotating in time, both of them are 
changing their phase at the exact same time. 
So, the result when you add them together—even 
though it’s lopsided—is also a stationary state.

The word superposition 
refers to adding 
things together, or 
superimposing them.
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Adding Waves of Different Frequencies
 • What happens when you add together 2 waves that don’t have the same 

energy? Each wave still has a phase that’s rotating in time, but the rate at 
which each wave has its phase rotating—the frequency—is different.

 • Think of the last time you were sitting in your car at a red light waiting to 
turn left at an intersection. Let’s say that there are 2 cars ahead of you 
and each has its left blinker on. Maybe the blinkers on the 2 cars start 
off blinking together, but usually one car’s blinker is a little faster than the 
other car’s blinker. So, after a while, rather than blinking together, they 
start to alternate their blinking. And they’ll be exactly out of phase for a 
while. Then, as you wait longer, the faster one will catch up again, and 
then they’ll blink together for a while again.

 • This phenomenon of the 2 blinkers alternatingly drifting in phase and out 
of phase is called beats. When the 2 blinkers are blinking in phase, you 
see more light at the same time. And when the 2 blinkers are blinking out 
of phase, you see less light at the same time.

A laser pointer uses the principle of 
constructive interference. By putting 

many photons, or particles of light, 
all into the exact same wave 

state at the same time with the 
same phase for each wave, 

constructive interference 
between the different 

photons results in a much 
higher intensity of light. 

This is the reason that 
laser pointers are so bright.
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 • So, there gets to be a new frequency 
in the problem, which is this: If 
you start with the blinkers blinking 
together—or blinking in phase with 
each other—how long do you have 
to wait before they go out of phase 
and then come back into phase once 
again? This new, slower frequency 
is called the beat frequency, and 
it is the difference between the 
frequencies of the 2 blinkers.

 • When this sort of thing happens 
with waves, when the waves are in 
phase with each other, you get a 
much larger response and a larger 
wave at that spot. This is called 
constructive interference. Any time 
you add 2 waves together, you get 
interference. But if the waves are 
cooperating and helping each other, 
it’s called constructive interference.

 • When the 2 blinkers are in phase, 
you see twice as much light at 
once, because 2 blinkers have lit 
at the same time. But in the case of 
waves, when the waves are out of 
phase with each other and you add 
the 2 waves together, something 
more dramatic happens. Because 
you’re adding a positive amplitude 
and a negative amplitude at the 
same time, you can get complete 
cancellation of the wave—called 
destructive interference.

Noise-cancelling 
headphones use 
destructive interference 
to give you a better 
musical experience. 
They measure the 
ambient noise around 
you, and then on top of 
that noise, they play a 
wave that’s exactly out 
of phase to cancel out 
the background noise.

Understanding the Quantum World

LECTURE 9  Interference of Waves and Sloshing States

https://www.thegreatcourses.com/


76

Understanding the Quantum World

LECTURE 9  Interference of Waves and Sloshing States

Nonstationary States
 • What happens when you put a single electron into a state that’s a 

superposition of 2 different energy states?

 • Let’s start with the 1s state and a 2p state.

 • The phase of the 1s state changes at a slower rate than the phase of 
the 2p state because the 2p state has a higher energy. When taken 
separately, each of those atomic levels is a stationary state, and the 
probability of finding the electron at any spot in a stationary state is not 
changing in time.

 • When you add together the 2 states, something very interesting happens.

 • This state is called nonstationary. In this state, the electron is sloshing back 
and forth in time, which means that the average density of the electron’s 
charge is sloshing back and forth.

 • The frequency with which this nonstationary superposition state is 
sloshing back and forth is the beat frequency between the 2 waves. 
And the beat frequency is always equal to the difference between the 
frequency of each wave.
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 • Now let’s see what happens when you add together the 1s state and one 
of the 3d states.

 • The intensity sloshes around as a result of being in this particular 
superposition. This means that the likelihood of finding the electron is 
also sloshing around. You can think of it as the average position of the 
electron sloshing back and forth.

 • Once again, even though you started with 2 stationary states, because 
you added 2 different energies, their phases have different frequency. 
This means that when you add the 2 waves together, you find that the 
overall density of the electron sloshes back and forth at a frequency 
that is equal to the difference in the frequency of the 2 individual 
atomic orbitals.

 • In this second case, the difference in energy between the 2 levels is 
higher than in the previous example, so the beat frequency is higher, and 
the state wobbles faster.
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WHY ARE NONSTATIONARY STATES UNSTABLE? 
 
To radiate out a signal from an antenna, you shake the 
electrons in the antenna back and forth at a particular 
frequency. When charges slosh back and forth like that, 
they send out electromagnetic energy. This energy can be 
captured by a receiving antenna, because when receiving an 
electromagnetic wave, the electrons jiggle back and forth, 
and this can be detected as an alternating current. This is the 
basis of all wireless communications. 
 
In nonstationary, sloshing states, the average charge density 
of where you’re most likely to find the electron is also sloshing 
back and forth in time. This means that if you put the electron 
into a nonstationary state, it acts like an antenna and sends 
out electromagnetic energy.  
 
But if it’s sending energy out, it must be losing energy by 
sending out an electromagnetic wave. When enough energy 
has been lost, the electron ends up in the lower of the 2 
energy states it started in. And once it’s in a pure energy 
state, that’s a stationary state. A stationary state doesn’t 
slosh back and forth, so it doesn’t act like an antenna and 
radiate energy away; rather, the electron will stay put in any 
stationary state once it’s there. 
 
And that’s why we tend to find atoms in one of the standing 
wave shapes (the 1s, 2s, 2p states, etc.) For any shape other 
than the standard, natural atomic orbitals, the wave won’t 
be stationary because it won’t be a pure energy state, and 
it’ll slosh around until it radiates enough energy to become 
stable again.
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READINGS
Dauger, Atom in a Box (program). http://www.daugerresearch.com/orbitals/

index.shtml. Instead of “Standard 3-D,” choose “Phase as Color.” The 
states are labeled as |n l m>. The first letter, n, corresponds to the energy 
level. Click “Superposition” and add together 2 states of different energy to 
make a nonstationary (“sloshing”) state. 

Feynman, Leighton, and Sands, The Feynman Lectures on Physics, vol. 3, 
chap. 7. 

Griffiths, Introduction to Quantum Mechanics, sections 9.1 and 9.2.
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Lecture 10

Wave Shapes 
in Diamond and 
Graphene

T he shapes and properties of solid materials, such 
as diamond and graphite, come straight out of the 

standing waves that electrons take inside of the material.

Molecular Bonding
 • How do 2 hydrogen atoms form the molecule H2?

 • A hydrogen atom has inside it a single positively charged proton, which 
forms the nucleus. Surrounding the nucleus is a single electron, which is 
negatively charged. Opposites attract, and that’s what forms the glue to 
put this atom together.

 • If you think of the atoms as starting far apart from each other—and far 
apart from everything else—then you expect that each hydrogen atom 
starts off in its ground state, which is its lowest energy state.

 • The electron forms 3-dimensional standing wave shapes around the 
nucleus of the hydrogen atom. The lowest energy of the standing wave 
shapes is spherical, and it’s called the 1s state.

10
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 • What kind of shapes should this electron take when we’re not talking 
about isolated atoms but when we’re talking about the hydrogen 
molecule? Let’s think of the case where there are 2 protons whose 
distance is the average distance that 2 protons take in the hydrogen 
molecule. How do 2 electrons fit into that picture?

 • Because there are 2 positively charged protons, 2 negatively charged 
electrons are needed so that the hydrogen molecule will have an overall 
neutral charge.

 • If there are just 2 protons and then the first electron is brought in, that 
electron should take some sort of standing wave shape that’s appropriate 
to this new geometry. The electron will still spend a lot of time near one 
proton and a lot of time near the other proton. It’s also going to spend a 
lot of time in between the 2 protons.

 • This new standing wave shape doesn’t 
look like the others you’ve seen.

 • Now let’s say that the first electron 
went into this standing wave shape 
with its spin up. The second electron 
can also take the same standing wave 
shape as the first, as long as its spin is 
oriented down. With their spins anti-aligned, 
they satisfy the Pauli exclusion principle, even though 2 electrons are in 
the same molecular orbital. This is the structure of the hydrogen molecule 
in its ground state.

 • This state is what chemists call a sigma molecular bond. In the same 
way that the label s is used for states in a hydrogen atom that don’t have 
a node that runs through the center, this standing wave shape that the 
electron takes in the hydrogen molecule doesn’t have any nodes. Greek 
letters are used to refer to the shapes of molecular orbitals, which are 
the shapes that standing waves of electrons take inside a molecule. This 
shape gets the Greek letter sigma (σ).
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 • Let’s start again with only 2 protons. Another standing wave shape that 
the electron can take in this geometry is to make a mode that has a single 
planar node that cuts straight through the middle 
of the molecule. If that node is oriented 
so that it becomes the perpendicular 
bisector of a line between the 2 
protons, that’s a new and different 
standing wave shape that the electron 
can take. Chemists call this the sigma 
star (σ*) orbital. The star is there any 
time there’s a planar node that bisects 
the line between the 2 atoms that are 
being connected by a bond.

 • In the same way that one of the electrons was placed with spin up and 
the other with spin down in the sigma molecular orbital, that can be 
done here. So, let’s imagine putting the first electron into the sigma star 
molecular orbital with spin up and the other electron into the same sigma 
star molecular orbital with spin down.

 • Both electrons are taking a standing wave shape that has a planar node 
slicing through the bond itself. This slicing breaks the bond, because 
the energy associated with putting the 2 electrons into the sigma star 
orbital is higher than if you just pulled the 2 hydrogen atoms apart. For 
this reason, chemists call the sigma star orbital an antibonding orbital. 
Rather than gluing the atoms together into a molecule, this standing wave 
sends the atoms flying part.

Addition and Subtraction of Orbitals
 • Think again about bringing the 2 hydrogen atoms close together. Think 

of them both in their ground state, where the electron in each atom is in 
its 1s state. In this state, the electron takes a standing wave shape that’s 
spherical, but the phase of the wave is continually changing in time.
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 • In this second way of thinking about how to form a molecular bond, 
think of the 1s state on one hydrogen atom and the 1s state on the other 
hydrogen atom as 2 dancers. If the 2 dancers are swaying in time 
together to the music, they’re in phase; if they’re swinging in time in 
opposite directions, they’re out of phase.

 • One way to think about this molecular bond forming is to think of adding 
the 2 hydrogen orbitals together. If you add one of the 1s orbitals to the 
other 1s orbital in phase so that the phase of each wave is oscillating 
together, that’s how you get the sigma molecular orbital. Because the 
phase is moving together, it’s like 2 dancers who are doing exactly the 
same thing. Physicists call this the symmetric superposition.

 • In the same way that 2 dancers could move in opposite directions—
out of phase—you can subtract the 1s orbitals, rather than adding them 
together. Subtracting the 2 atomic hydrogen states leads to the planar 
node that bisects the line between 
the 2 protons. And this leads to 
the same antibonding state as 
before. Physicists call this the 
antisymmetric superposition. This is 
how to get the sigma star orbital.

Standing Wave 
Shapes in Diamond
 • Carbon has 6 electrons. That’s 

enough to fill up the 1s shell with 
2 electrons, one with spin up and 
the other with spin down. The 4 
remaining electrons go into the 
2nd level, which has the 2s state 
and the 2px, 2py, and 2pz states.

There are 2 different ways 
that carbon atoms bond 
with each other. One is 
the type of bonding that 
leads to the material known 
as diamond; the other is 
the type of bonding that 
leads to graphite. These 2 
different materials have very 
different properties even 
though they’re both made 
only of carbon. And these 
properties can be traced 
directly back to the shapes 
of the standing waves 
that the electrons make in 
forming these 2 materials.
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 • No matter how you stick only 4 electrons into the 2nd level, you can’t fill 
it up and close the shell; there will be some electrons whose orbitals are 
pointed in particular directions. These are the kind of atoms that readily 
form bonds.

 • To form a chemical bond, 2 electrons are shared across 2 atoms. It’s like 
the atoms do a handshake by extending their electrons, which come 
together into a new molecular orbital.

 • When you think about which electrons in the carbon atom are ready 
to bond, good candidates are the ones that are in the p orbitals. That’s 
because the p orbitals are directional. Their standing wave shapes are 
such that they point in a particular direction, either along the x-, y-, or 
z-axis.

 • But really those are standing wave states that the electron wave takes 
when the atom is isolated. What matters now is this: What are the 
standing wave shapes that the electrons take once the bond is formed?

 • The chemical bonds that make up diamonds don’t correspond to the 
px, py, or pz orbitals. In fact, inside of diamond, each carbon is bonded 
to 4 other carbons in a completely symmetric way. This means that 
every carbon is equivalent and that if you think of a single carbon that is 
bonded to 4 other carbons, all 4 of those bonds are equivalent.
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 • In order to bond, carbon uses 4 electrons. And although they came out 
of the 2s state and the 2p states, the electrons form completely new types 
of standing wave shapes inside of diamond.

 • What is the shape that gets made when a carbon atom is surrounded by 
4 other carbon atoms in the most symmetrical way possible?

 • Imagine the surrounding 4 carbon 
atoms as lying on the vertices of 
whatever polyhedron matches that 
geometry. In this case, there are 
4 carbon atoms that need to be 
equally spaced around the central 
carbon atom. Four equally spaced 
vertices make a tetrahedron. Another 
way to think of this is like a 4-pointed 
starburst, because the 4 bonds are 
equidistant in space.

 • Inside of the bond, each carbon has contributed one electron into the 
bonding state in that direction. It’s like the 2 carbon atoms involved in the 
bond are shaking hands by each extending an electron into that new 
molecular orbital.

 • These new standing wave shapes that the bonding electrons take 
between 2 carbon atoms inside of diamonds are in one sense completely 
different from the shapes that the standing waves were making when 
there was only one carbon around.

 • But in fact, there is also a way to think of them as having been derived 
from the s and the p orbitals. Think about a single isolated carbon atom. 
It has 2 electrons in the 2s shell, which is spherically symmetric, and it has 
2 electrons in the 2p shell, which is highly directional.

 • Because waves can take any shape, one way to think about getting a new 
electron wave shape is to add together other wave shapes. Taking the right 
kind of superposition of the s state with one of the p states is the way to get 
a tetrahedrally coordinated wave shape out of an individual carbon atom.
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 • Let’s start with the px state and a bit 
of s character. 

 • This shape has some interesting 
characteristics. Notice that the 
center of mass of the electron, 
if it takes this standing wave 
shape, is no longer centered on 
the carbon atom itself. It’s actually 
moved away from the center. This 
is a great shape for starting to form a 
chemical bond.

 • Thinking about the shapes of the electron waves as the diamond begins 
to form, it’s like one carbon atom extending its hand out to start the 
handshake, which eventually forms the chemical bond.

 • By taking the right kind of superposition that involves some of the s and 
some of the p states, a completely new set of orbitals can be formed 
around carbon. These are called sp3 hybridized orbitals. Because 
they’re formed out of the s state and 3 of the p orbitals, there are a total 
of 4 states involved. And in the sp3 hybridized case, there are still 4 states 
involved, but they all look like the one shown above. 

 • If you think of forming 4 of these types of orbitals, that will result in the 
4 vertices of a tetrahedron, which forms the basis of the carbon-carbon 
bond in diamond. These tetrahedra determine the shapes of the standing 
waves that the electrons take inside of diamond.

Because each carbon is equivalent and because each 
bond is equivalent, when diamond crystals form, they are 
3-dimensional crystals. And the bonding is so robust that 
diamond is one of the strongest materials known to humans.
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Standing Wave Shapes in 
Graphite/Graphene
 • Although graphite is also composed of pure 

carbon, it is very different from diamond. It’s not 
hard, shiny, or clear. Graphite is soft enough that 
it is used to write with, and it’s even considered 
a dry lubricant.

 • If diamonds are hard, then why is graphite is 
so soft and slippery? Graphite is composed of 
sheets of graphene, which is a 1-atom-thick sheet 
of carbon. The chemical bonds are formed 
within the sheet, and the individual sheets of 
graphene slide against each other quite easily.

 • In graphene, each carbon is bonded to 3 other carbon atoms. This 
3-pointed star forms the basis of the material, and they hook up to form a 
sheet of hexagons, called a hexagonal lattice. 

A single sheet of 
graphene was 
the first truly 
2-dimensional 
material. This 
is because a 
single sheet of 
graphene is only 
1 atom thick!
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diamond lattice

 • What accounts for the dramatic difference between diamond and 
graphene is the standing wave shapes the electrons take in the material.

 • In graphene, the bonding orbitals are formed by a combination of 
s states with only the px and py states. Because you’re combining 3 
different orbitals, you’ll get 3 different orbitals out, and those will form the 
points of the 3 stars. If you put the combinations together in just the right 
way, each of the 3 points of the star will be exactly the same.

 • These are the standing wave shapes that form the basis of most of the 
bonding involving carbon atoms in graphite. So, within the hexagonal 
planes, these sp2 hybridized orbitals are the right standing wave shapes 
to think about.

Graphene makes 2-dimensional 
crystals, which form the 

sheets of graphite in 
pencils. Diamond makes 
3-dimensional crystals, which 

is part of the reason it is used 
in jewelry.
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Carbon uses 4 electrons to bond, but graphene has only 
3 bonds coming off each carbon atom, so what about the 
fourth leftover electron in all those carbon atoms that make 
up graphite? 
 
If you think of one leftover electron on each carbon sitting in 
the 2pz state but remember that the electron takes standing 
wave shapes appropriate to whatever geometry it’s in, you 
can begin to understand what these electrons end up doing. 
They aren’t pointed in a direction to bond with only one 
carbon; in fact, they don’t point toward any other carbon 
at all. 
 
Rather, the electrons in the pz orbitals spread out like they 
would if they were going to form a chemical bond—but 
then they don’t stop. Instead of just making the handshake 
involved in sharing an electron between 2 atoms, it’s like 
these electrons are high-fiving all the way down the sheet. 
 
These electrons spread out so much that their standing 
wave shapes encompass every carbon atom on the sheet 
of graphene. They spread out until each of the pz electrons 
spends a little time on every carbon atom in the graphene. 
 
Any particular electron that comes out of the pz orbitals is 
able to be anywhere in the graphene sheet on any carbon 
atom. With all those electrons sliding around and moving 
about, these standing wave shapes end up being slippery 
and help graphene sheets slide past each other.
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READINGS
Geim and Novoselov, “Graphene, the Perfect Atomic Lattice.”

Nave, HyperPhysics, “Carbon,” http://hyperphysics.phy-astr.gsu.edu/hbase/
pertab/C.html.

http://hyperphysics.phy-astr.gsu.edu/hbase/pertab/C.html
http://hyperphysics.phy-astr.gsu.edu/hbase/pertab/C.html
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Lecture 11

Harmonic 
Oscillators

A n oscillator is anything that has a regular periodic 
motion that repeats in time. And each cycle of the 

motion looks exactly the same as the previous cycle of 
motion. For example, imagine a 
frictionless marble moving in a 
bowl, oscillating back and forth 
and always staying in the same 
orientation.  
 
What would make an oscillator into 
a harmonic oscillator? In the case of the 
marble, harmonic refers to the shape of the bowl. If the bowl 
is shaped like a parabola from the bottom all the way up, 
then it’s a harmonic oscillator. In fact, any oscillator becomes 
harmonic in the limit where the oscillation is small enough.
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Quantum Harmonic Oscillators
 • Let’s make the bowl be parabolic from the bottom of it up to infinity. 

Because we have a wave in a confined geometry, there are discrete 
standing wave modes. 

 • In the lowest energy state, the wave makes 
a single smooth shape in the middle of the 
bowl and then falls away as it moves away 
from the center. This means that the particle 
spends most of its time near the center of the 
bowl, and its overall motion will be confined 
to the bottom of the bowl.

 • Notice also that this lowest energy state has no nodes in it. This is always 
true of the ground state. That’s because to have a node in the wave, the 
wave has to pass through zero. Waves that pass through zero are more 
sharply curved than waves that don’t pass through zero. And a sharply 
peaked wave function leads to a high kinetic energy for the state, because 
the kinetic energy increases as the wave gets more highly peaked.

 • The next-highest standing wave mode looks like this. 

 • Notice that it has one node; it has a spot 
in the middle where the wave goes through 
zero. The wave is negative on the left side of 
the bowl, its value passes through zero in the 
middle, and then it becomes positive on the 
right side of the bowl.

 • Quantum mechanical waves in general can have complex numbers 
associated with them. In the case of the harmonic oscillator, the waves 
can be written as purely real functions. That means we only need to 
consider positive and negative numbers—no imaginary numbers—as 
we describe the shape of these standing wave modes in the harmonic 
oscillator.
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 • To get the probability of finding the particle at any particular spot, we 
take the square of the absolute value of the wave function at any spot 
in space. This means that even though the wave might have a negative 
value in one spot in space, because the wave is wiggling there, there’s 
still some probability of finding the particle in that spot.

 • When we take the absolute value squared of the wave, that always 
gives us a positive number, and that positive number corresponds to the 
probability of finding the particle at that spot in space.

 • We noticed that in this excited state, there’s a node right in the middle of 
the bowl. This means that there is zero chance of finding the marble right 
in the middle of the bowl when it’s in its first excited state.

 • This is a very weird quantum result. This never happens in the classical 
case of large oscillations. In the classical case, the marble can potentially 
be anywhere in the bowl. In the quantum case, in any particular excited 
state of the quantum marble in the bowl, there will be forbidden regions 
of the bowl that the particle can’t reach.

 • Let’s label the 2 states we’ve seen so far 0 (for the ground state) and 1 (for 
the first excited state).

 • The second and third excited states are pictured here. 

 • Starting from the left side of the bowl, the 
wave of the second excited state goes 
positive, and then it goes negative in 
the middle of the bowl, and then it goes 
positive again on the right side of the 
bowl before finally flattening out.

 • The third excited state goes positive and 
negative on the left side of the bowl, 
and then positive and negative again 
on the right side of the bowl, before 
flattening out.
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 • Here are the wave shapes of several 
energy levels. Notice that the even-
numbered states don’t have a node in 
the center of the bowl, but the odd-
numbered states all have a node in the 
center of the bowl.

 • This is really weird. When the quantum 
mechanical marble is in an odd-
numbered state, we will never find it in 
the very center of the bowl. We could 
find it on the right, or we could find it on 
the left. The marble could even move 
from right to left but somehow will never 
be in the middle.

A pendulum on a grandfather 
clock always has the same 
frequency of oscillation, 
whether you just wound up 
the clock and the pendulum 
has a wide swing to it or 
whether it’s been awhile since 
you wound up the clock and 
the pendulum has a narrow 
swing to it. The frequency is 
just whatever is the natural 
frequency of the pendulum.
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Zero-Point Energy
 • The ground-state energy is the lowest energy state of any system. The 

quantum harmonic oscillator has finite energy in its ground state. This 
means that a quantum oscillator can never have zero energy in it. It 
always has some energy sitting in it.

 • The amount of energy in the ground state is 1/2 times Planck’s constant (h) 
times the frequency of the oscillation.

 • The frequency of the oscillation is the same in all states, including the 
ground state of the oscillator and any of its excited states. The same is 
true of any oscillator, whether we’re looking in the quantum limit or in the 
classical limit.

 • The lowest energy state still has some energy left in it. This is called 
quantum zero-point energy, or quantum zero-point motion. One 
important implication of the zero-point energy is that the particle is 
always moving in a quantum harmonic oscillator.

Playground swings, 
pendulums, and strings 
on musical instruments 

are all examples of 
oscillators.
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 • It’s impossible to make the quantum marble sit at the very bottom of the 
bowl and not move at all. The reason for that boils down to Heisenberg’s 
uncertainty principle.

 • If we could make the quantum marble be perfectly still and not move at 
all, then we would know its position with infinite precision. But then, by 
Heisenberg’s uncertainty principle, the marble would have a wide range 
of velocities, which would mean that its average kinetic energy is actually 
very high. So, to satisfy Heisenberg’s uncertainty principle, the marble 
can’t sit perfectly still; it always has to be in motion.

 • This is a purely quantum mechanical effect. And it has far-reaching 
implications. It means that every system that is fundamentally an oscillator 
can never settle down to have no motion at all.

 • This single fact was critical in our understanding of how solid materials 
behave. To see why this is the case, it’s easiest to think about a solid 
material that’s in the crystalline phase, which means that the atoms are in 
a regular, periodic arrangement. This would apply, for example, to the 
minerals in a rock or to a hunk of metal.

 • Imagine what it’s like to be an atom inside of that material. That atom has 
a preferred position inside the material. In fact, every atom in the material 
has a preferred position.

 • Cranking up the temperature on any material always causes atoms to 
wiggle about more. Conversely, turning down the temperature on any 
material causes atoms to wiggle less. But because of quantum zero-
point energy, we can never make all the atoms sit perfectly still, even if 
we go to 0 kelvin, which is the bottom of the temperature scale.

 • This is because each atom sitting in its preferred position is in an energy 
landscape that’s very much like a marble near the bottom of a bowl. The 
energy landscape in a crystal is like an egg carton, and each atom is 
sitting at the bottom of one of the dimples in the carton.
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 • If we pull the atom just a little away from its central position, it will 
oscillate back and forth around that central position. It acts like a 
harmonic oscillator about its average position. And because it’s acting 
like a harmonic oscillator, then as we turn down the temperature on the 
material, the quantum nature of the oscillator will become apparent.

 • One consequence of this is that the atom can never entirely settle down, 
even if we remove all the thermal energy from the material. Each atom 
will always be undergoing some quantum zero-point motion.

Science fiction writers might talk about imaginative scenarios 
where it’s possible to extract the quantum zero-point energy 
from a material and use it as an energy source. However, it’s 
not in fact an energy that’s accessible to us.

Planck Blackbody Radiation
 • The understanding that oscillators are quantized led to the first correctly 

calculated quantum mechanical formula. This is the formula developed 
by Max Planck for blackbody radiation, also known as Planck’s 
radiation law.

 • The basic idea behind Planck’s formula is that all hot things glow. This is 
because objects that are made of regular matter have charged particles 
in them—atoms have a nucleus that’s positively charged, and electrons 
that are negatively charged—and when we raise the temperature on 
a hunk of matter, all of those charged objects wiggle around. And the 
higher we turn up the temperature, the more they jiggle around.

 • Any time electrons are wiggling back and forth, they’re acting like an 
antenna and will send out electromagnetic waves, which are made up 
of oscillating electric fields along with oscillating magnetic fields.
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 • If we make it oscillate in the right frequency range, then our eyes can detect 
it as light. That’s called the visible range of the electromagnetic spectrum. 
If the frequency of vibration is too high for our eyes to see, that is called 
ultraviolet radiation, because it’s above the violet range of the spectrum. 
And if the frequency of vibration is too low for our eyes to detect, that is 
called infrared radiation, because it’s below the red range of the spectrum.

 • Here’s a plot that characterizes the way in which hot things glow. It’s 
called the Planck blackbody radiation spectrum.

Frequency (Hz)
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 • On the horizontal axis of the spectrum is the frequency of electromagnetic 
waves; on the vertical axis is how bright the light is at that particular 
frequency.

 • Our eyes only detect a narrow frequency range called the visible range. 
It’s all technically light, but we see only a tiny slice of the light that’s out 
there. But we can build equipment that can detect any frequency of light, 
and that’s how we get these curves.

READINGS
Feynman, Leighton, and Sands, The Feynman Lectures on Physics, vol. 1, 

chap. 41, sections 2 and 3; vol. 3, chap. 4, section 5. 

Millikan, “A Direct Photoelectric Determination of Planck’s h.”

Nave, HyperPhysics, “Blackbody Radiation,” http://hyperphysics.phy-astr.
gsu.edu/hbase/mod6.html.

PhET Interactive Simulations, Blackbody Spectrum. http://phet.colorado.edu/
sims/blackbody-spectrum/blackbody-spectrum_en.html. This is an applet 
where you can see how the blackbody radiation spectrum changes as you 
change the temperature of the blackbody.

Frequency (Hz)

Understanding the Quantum World

LECTURE 11  Harmonic Oscillators

http://hyperphysics.phy-astr.gsu.edu/hbase/mod6.html
http://hyperphysics.phy-astr.gsu.edu/hbase/mod6.html
http://phet.colorado.edu/sims/blackbody-spectrum/blackbody-spectrum_en.html
http://phet.colorado.edu/sims/blackbody-spectrum/blackbody-spectrum_en.html
https://www.thegreatcourses.com/


100

Lecture 12

The Energy-Time 
Uncertainty 
Relation

H eisenberg’s uncertainty principle relating to position 
and momentum says that the more we know about 

a particle’s position, the less we know about its momentum, 
and the more we know about a particle’s momentum, the less 
we know about its position. This can be traced directly back 
to the wave properties of a quantum mechanical particle. 
And all waves follow this type of uncertainty principle, not 
just quantum mechanical ones.  
 
It turns out that there’s another Heisenberg uncertainty 
principle—one between energy and time—that has a 
different physical origin, and consequently it will have a 
different physical interpretation.

12
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The Time-Dependent Schrödinger Equation
 • The energy-time uncertainty principle goes back to the time-dependent 

Schrödinger equation, which tells us how any quantum mechanical wave 
changes as time goes on. It says that each wave has a phase associated 
with it that rotates in time according to a frequency set by its energy.

 • At every spot in space, a quantum mechanical wave has an amplitude, 
which is how big the wave is at that spot, and it also has a phase factor. 
The Schrödinger equation tells us how fast that phase factor rotates in 
time. The key is that it’s directly proportional to the energy: Higher energy 
states have a phase factor that rotates very quickly in time, while lower 
energy states rotate their phase much more slowly.

 • For example, because the 2p state of the hydrogen atom has a higher 
energy than the 1s state of hydrogen, the 2p state cycles through its 
phase at a more rapid rate. This is exactly what the time-dependent 
Schrödinger equation tells us: The phase rotates in time with a frequency 
proportional to the energy of the state.

 • This physics is the origin of the energy-time uncertainty relation. In 
different physical contexts, this uncertainty principle will have a slightly 
different physical interpretation.

The Superposition of 1s and 2p
 • Let’s take a single electron and put it into a superposition state of 1s and 

2p. This is not a stationary state.

Understanding the Quantum World

LECTURE 12  The Energy-Time Uncertainty Relation

https://www.thegreatcourses.com/


102

Understanding the Quantum World

LECTURE 12  The Energy-Time Uncertainty Relation

 • The 1s state and the 2p state, when considered separately, are stationary 
states, because their probability density does not change over time. On 
the other hand, the superposition state wobbles back and forth. That’s 
why it’s called a nonstationary state. The electron sloshes back and forth 
about the nucleus.

 • What is the frequency with which the electronic density is sloshing back 
and forth in the superposition state?

 • The Heisenberg uncertainty principle between energy and time relates 
that sloshing frequency to the energy difference between the 2 states. It 
goes back to a phenomenon known as beats.

THE PHENOMENON OF BEATS 
 
When 2 instruments or 2 singers are close to each other’s pitch, 
but a little off, not only does it bother your ear because they’re out 
of tune with each other, but you can hear the beats they generate, 
which causes the volume of the sound to wobble up and down. 
 
This beat is not the type associated with rhythm; this is the beating 
of the 2 frequencies together to make the sound alternately louder 
and softer in quick succession. 
 
This happens because if the pitches are slightly off from each other, 
then sometimes the sound waves that reach your ear are in phase, 
and the sound is loud, and sometimes the sound waves that reach 
your ear are exactly out of phase, and the sound is quieter. 
 
As the 2 sound waves alternate between being in sync and then 
out of sync, you’ll hear alternatingly loud and soft sound coming 
from them. 
 
The beat frequency is the difference in the 2 frequencies.
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 • In order to discuss an application of the Heisenberg uncertainty principle 
between energy and time, we need some sort of spread in energy. And 
then we can ask the following question: Given that spread in energy, 
how long do we have to wait before the probability density has changed 
significantly? That is, if we watch the charge density where we can see 
it sloshing about, how fast is it sloshing around? The uncertainty principle 
gives us a way to estimate that timescale from the spread in energy.

 • In this case, the spread in energy is clear. This state includes the 1s energy 
and the 2p energy, so the spread in energy is the difference between 
those energies.

ΔE = E 1s − E2p

 • The Heisenberg uncertainty principle says that the spread in energy 
times the spread in time is at least as big as ℏ, which is Planck’s constant 
divided by 2π.

ΔE Δt ≥ ℏ

 • In this case, the difference in energy is directly proportional to the 
difference in frequency between the 2 states. The difference in frequency 
is the beat frequency. The beat period is 1 divided by that frequency, 
which corresponds exactly to Δt in this equation, so we get exactly what 
Heisenberg’s uncertainty principle would predict.

 • The time we have to wait for the state to slosh from one side to the other 
is equal to ℏ divided by the difference in energy.

 • In this instance of the uncertainty principle between energy and time, 
we can interpret the energy difference, ΔE, as being like an uncertainty 
in energy.

 • How should we interpret the spread in time, Δt? In this case, it doesn’t 
represent an uncertainty in time. Rather, the physical interpretation 
here is that it is the amount of time we have to wait for the state to 
change appreciably. So, in this case, an uncertainty in energy led to a 
characteristic timescale for the system to change shape.
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Virtual Particles and Energy Conservation
 • Energy conservation is the idea that energy cannot be created or 

destroyed. It can be moved around, though; it can be converted from 
one form into another.

 • The Heisenberg uncertainty principle has a rather startling implication for 
energy conservation. It says that we can cheat energy conservation as 
long as we don’t do it for very long.

 • One example of this is virtual particles, which are particle-antiparticle 
pairs that are continually popping into and out of existence. This might 
sound like science fiction, but it’s actually happening all around us all the 
time, and even inside of us. But it’s nothing to worry about. It’s always 
been happening.

 • An example of a particle-antiparticle pair is an electron and a positron. 
A positron looks just like an electron, except it has the opposite charge. 
So, a positron has the same mass as an electron, and it has the same spin 
as an electron. It presumably also has the same size, although it’s so tiny 
that it hasn’t been detected yet.

 • The positron is the antimatter partner of the electron. When antimatter 
and matter get together, they annihilate. So, when an electron and a 
positron are brought close together, because they are a matter-antimatter 
pair, they annihilate each other and disappear.

 • There’s one catch here: All that mass suddenly disappearing from the 
universe leaves an energy problem.

 • One of the many things that Einstein taught us is that E = mc2, which means 
that mass is another form of energy. Another way to look at this is that 
every particle has an intrinsic energy just associated with its existence, 
and that intrinsic energy of existence is equal to its mass times the speed 
of light squared. This energy always stays with the particle, whether or 
not it’s moving and whether or not it’s interacting with anything else. So, 
if an electron and a positron come together and annihilate, that’s a lot of 
energy suddenly missing.
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 • In the case of virtual particle pairs, they actually pop into existence out of 
nothing—which in this case refers to the quantum vacuum state, which is 
space that’s as empty as is possible in this universe. And according to the 
Heisenberg uncertainty principle, quantum physics says that this energy 
violation is okay as long as it goes away quickly enough. And the virtual 
particle pairs have to do it in an amount of time that is ℏ divided by the 
energy violation.

One application of antimatter that helps make our lives better is a standard 
medical imaging technique called a PET (positron emission tomography) scan.  
 
PET scans have been used to map 
out various parts of the brain and 
to help us figure out which parts 
are more active during certain 
activities. PET scans can also 
help doctors map out seizure 
activity or other issues with 
the brain, and they are 
sometimes used in the 
diagnosis of cancer.
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The Lamb Shift and the Casimir Effect
 • How do we know these virtual particle-antiparticle pairs are really 

happening?

 • There are several measurable effects of these virtual particle-antiparticle 
pairs, even though the particles don’t stick around very long. One is 
called the Lamb shift, after Willis Lamb, who received the Nobel Prize for 
discovering it.

 • Imagine an electron-positron pair. The positron is positively charged, and 
the electron is negatively charged. Because they’re charged, they both 
put out an electric field. And then that electric field disappears when the 
particle-antiparticle pair goes away.

 • All of these fluctuations of the electric field all around us, and even inside 
of us, have measurable consequences for the energy levels of electrons 
inside of atoms. The Lamb shift causes tiny corrections to the exact values 
of the atomic energy levels.

 • Another place where we see measurable effects due to particle-
antiparticle pairs continually popping in and out of existence all around 
us is with the Casimir effect.

 • It turns out that if we take 2 metal plates and hold them close enough 
to each other without touching, they will smack together because of 
particle-antiparticle fluctuations. The plates need to be very smooth and 
very flat, and we need to get them close enough to each other to see 
the effect.

 • How do particle-antiparticle fluctuations cause the 2 plates to smack 
together?

 • Remember that every time a particle-antiparticle pair fluctuates into 
existence, it brings along with it a disturbance in the electric field. The 
electric field can only have certain configurations near a piece of metal. 
Metals can carry current because the electrons inside of them are free to 
move around inside of the material. Because metal has electrons inside 
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of it that are free to move around, this puts constraints on the direction that 
an electric field can point just outside of a metal.

 • If the electric field comes in parallel at the edge of a metal, then the 
electrons inside the metal shift, within about a femtosecond, to force that 
electric field line to come in and hit the metal at a perpendicular angle. 
This highly constrains the way the particle-antiparticle pairs can fluctuate 
in and out of existence in between the 2 plates.

 • The upshot is that all along the space in between the 2 plates, there 
are many fewer particle-antiparticle pairs popping in and out of 
existence. Basically, many of those modes have gotten damped out 
by the presence of the metal plates. But there are still many particle-
antiparticle pairs happening outside of the plates. Those pairs exert a 
kind of pressure on the plates that smacks them together.

READINGS
Cohen-Tannoudji and Diu, Quantum Mechanics, chap. III, section D, 

part 2(e). 

Kane, “Are Virtual Particles Really Constantly Popping In and Out of 
Existence?”

Nave, HyperPhysics,“PET Scan,” http://hyperphysics.phy-astr.gsu.edu/
hbase/NucEne/nucmed.html.
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Lecture 13

Quantum Angular 
Momentum and 
Electron Spin

T his lecture is about angular momentum—and, in 
particular, spin angular momentum. One of the ways to 

begin thinking about this topic is to think about how the Earth 
goes around the Sun.

How the Earth Orbits the Sun
 • Because the Sun is so much more massive than the Earth, we think of 

the Sun as just being stationary, with the Earth orbiting around it. But in 
reality, they both orbit the center of mass of the entire solar system. It’s 
just that the Sun is so massive compared to everything else in the solar 
system that the center of mass of the solar system is very near the center 
of the Sun.
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Momentum, sometimes called linear momentum to distinguish 
it from angular momentum, is mass times velocity.  
 
Velocity is more than speed; it has both magnitude and 
direction. 
 
Just like regular momentum, angular momentum involves 
mass, speed, and direction of motion. 
 
Angular momentum is used to describe the motion of objects 
that are orbiting around some axis, and it has the following 
properties: 
 
  The higher the speed, the higher the angular momentum. 

 
The higher the mass, the higher the angular momentum. 
 
The angular momentum is aligned either up or down along 
the axis of rotation.

The cars in this image are 
aligned down along 

the axis of rotation.
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 • Let’s pretend that the Sun sits in one spot and the Earth goes around it. 
Earth goes in an elliptical orbit, but for now it’s good enough to think of it 
as going in a circle. That motion of the center of mass of the Earth going 
around the Sun is a type of angular momentum—which is very much like 
regular momentum, except it’s about motion around an axis.

 • Because we’re approximating the Sun as being the center of the system 
and the Earth as going around in a circular orbit, then the axis of rotation 
goes through the center of the Sun. And we can think about Earth as 
rotating about that axis that goes through the center of the Sun. This type 
of motion of the center of mass of the Earth going around the Sun, as it 
does once a year, is called orbital angular momentum.

 • But this is not the only type of angular momentum that the Earth has. Earth 
is also spinning on its own axis. Once a day, Earth spins around on its 
own axis, which is responsible for our day-night cycle. This is a different 
type of angular momentum, called spin angular momentum.

 • Like orbital angular momentum, we can also describe the amount of 
spin angular momentum in terms of the mass of the Earth, how fast it’s 
rotating, which axis it’s rotating about, and whether it’s rotating clockwise 
or counterclockwise with respect to that axis.

 • Quantum mechanical particles, such as electrons, also exhibit both of 
these types of angular momentum. An electron can have orbital angular 
momentum as it goes around a certain path, and it can also have spin 
angular momentum. But in both cases, there are some very strange 
quantum mechanical effects.

 • Whereas a large object—such as a ball or the Earth—can in principle 
move at any speed around any axis, quantum mechanical objects are 
constrained to only rotate around certain discrete axes and to have only 
discrete amounts of angular momentum about those axes. Quantum 
mechanical objects can only have certain discrete amounts of spin 
angular momentum, and even the spin angular momentum is constrained 
to spin only around certain discrete axes.
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The Behavior of Electrons
 • The main way that we can measure angular momentum that any electron 

has is because it’s a charged object. All electrons have exactly the same 
charge on them, and that charge means that whenever the electron has 
angular momentum, it will also generate a corresponding magnetic field.

 • An electromagnet can be made by running some wire in a loop. Then, 
when we run current through the wire, the circular path of the current 
will generate a magnetic field. And we can make a more powerful 
electromagnet by making more circles in the loop of wire.

 • As for the shape of the magnetic field, think 
of a single circular loop of wire, and let’s 
have the current running counterclockwise 
when viewed from above. The magnetic 
field will come up from the center of the 
circle, spread out, come back around, 
and enter back at the bottom of the circle. 
Viewed from the side, those magnetic field 
lines look like a butterfly.

 • So, we can describe this effect in terms of 
the magnetic field that comes off of the 
electromagnet: a butterfly shape in space. 
It’s invisible, but we know it’s there. But 
another way to describe an electromagnet 
is by its magnetic moment—which is defined as the current times the area 
of the loop. Therefore, the wire has a higher magnetic moment when we 
run more current through it.

 • Think about a single electron going in an orbit around the nucleus of an 
atom. None of the standing wave shapes that electrons take around the 
nucleus of an atom that you’ve seen are actually rotating. But if we take 
2 of the standing wave shapes that you’ve seen and add them together 
in exactly the right way, we can make the equivalent of orbiting paths for 
the electrons. These also make shapes that look like spinning doughnuts.
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 • There are ways to make an electron have its center of mass orbit around 
the center of an atomic nucleus very much like the Earth orbits around the 
Sun. And that is orbital angular momentum. And just like the Earth also 
has spin angular momentum due to the fact that it’s spinning on its own 
axis, it seems as though electrons also spin on their own axis.

 • Pretend that electrons are tiny balls of charge, with a charge spread 
throughout the ball. If we had a spinning ball of solid charge, it would be 
like an electromagnet. It would put out a magnetic field that looks very 
much like the magnetic field that comes off an electromagnet.

 • One problem with this picture of a spinning ball of charge is that we 
actually know that the electron is not a spinning ball of charge. The other 
major problem is that as far as we can tell, the electron has an extremely 
tiny radius, or no radius at all.

 • So, think about taking a spinning ball of charge, which has a magnetic 
moment, only shrink the radius down to no size. But keep the same 
amount of charge, and keep the same amount of magnetic moment 
associated with it. That’s starting to become a better picture of what an 
electron is like.

 • The important thing to know is that whenever we measure an electron, we 
see that it has an intrinsic spin angular momentum associated with itself.

The Stern-Gerlach Experiment
 • The intrinsic angular momentum associated with electrons was discovered 

through the Stern-Gerlach experiment, so named because it was first done 
by German physicists Otto Stern and Walther Gerlach. They conducted 
the experiment using known magnetic principles, such as the following:

Magnets attract or repel each other depending on their orientation.

There is a magnetic field that extends in space; we know this because 
magnets interact even at a distance, when they’re not touching.
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When the poles of 2 magnets 
are close to each other, there’s 
a big effect, and when the poles 
are far apart, there’s a smaller 
effect. From this, we know that the 
magnetic field is stronger near 
the magnet than it is far away 
from it and that it’s strongest near 
the poles of a magnet.

 • So, one way to summarize how magnets interact with each other is to 
say that when their magnetic moments are aligned, then the magnetic 
moment of one is drawn into the high magnetic field region of the other 
magnet. But when the magnetic moments are oppositely aligned, then 
the magnetic moment of one is pushed away from the high magnetic 
field region of the other magnet.

 • Stern and Gerlach used these ideas to measure the magnetic moments 
of silver atoms in a lab. And the shocking thing they found is that the 
angular momentum of each silver atom is quantized. Specifically, they 
found that there were 2 types of quantization going on:

Each silver atom became quantized around a particular axis and no 
other axis.

Each silver atom only came in 2 amounts of angular momentum.

 • Unlike a ball, which can spin around any axis and at any speed, quantum 
mechanical objects can only have a discrete amount of spin, and they’re 
constrained to spin only about discrete axes in space.

 • Specifically, from the Stern-Gerlach experiment, we know that electrons 
have an intrinsic angular momentum associated with each of them. And 
the intrinsic angular momentum that electrons carry—also called spin—
always comes in a particular amount: ℏ divided by 2, where ℏ is Planck’s 
constant divided by 2π. In other words, the magnitude of their spin is 
quantized to always come up as ℏ/2.

The shocking results of the 
Stern-Gerlach experiment 
sparked a revolution in 
our understanding of how 
angular momentum works 
at the quantum level.
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 • Furthermore, the spin only comes up in whole-number amounts of either 
ℏ/2 or −ℏ/2, and when we measure it, we only ever find it spinning up 
or down relative to the measurement device. That means that when we 
measure the direction of the spin, it always comes out to be spinning 
along the axis of the measurement device, even if it wasn’t spinning along 
that axis before. This is another example of how making a measurement 
fundamentally disturbs the system.

READINGS
Feynman, Leighton, and Sands, The Feynman Lectures on Physics, vol. 2, 

chap. 35, section 2.

Gerlach and Stern, “Der Experimentelle Nachweis der Richtungsquantelung 
im Magnetfeld.”

Nave, HyperPhysics, “Stern-Gerlach Experiment,” http://hyperphysics.phy-
astr.gsu.edu/hbase/spin.html#c5.

http://hyperphysics.phy-astr.gsu.edu/hbase/spin.html#c5
http://hyperphysics.phy-astr.gsu.edu/hbase/spin.html#c5
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Lecture 14

Quantum 
Orbital Angular 
Momentum

E lectrons have not just spin angular momentum, but they 
can also have orbital angular momentum, like the Earth 

has orbital angular momentum as it goes around the Sun. In 
the case of electrons, orbital angular momentum is due to 
electrons going in tiny orbits around atomic nuclei. So, if an 
electron takes a wave shape such that it has a net rotation 
about the nucleus, that will result in the orbital angular 
momentum for the electron.

Wave Shapes and Nodes
 • Previous lectures have examined the shapes of the standing wave modes 

that electron waves can take around the nucleus of an atom. Waves 
in one dimension look like the waves we can make on a Slinky. For 
waves in 2 dimensions, there can be 2 types of nodes. On a drumhead, 
for example, standing wave modes can have circular nodes that are 
concentric with the center of the drum or line nodes that go down the 
center of the drum.
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 • For electrons, whose waves take standing wave shapes in 3 dimensions 
of space, there are 3 different types of nodes:

Some nodes are spherical in shape; that is, there’s a sphere at a 
particular radius a particular distance from the nucleus where the 
wave never wiggles.

Some nodes are shaped like planes; these nodes always cut right 
through the nucleus of the atom.

Some nodes are shaped like a waffle cone for ice cream; these 
conical nodes always come in pairs, such that the points meet at the 
nucleus.

 • Each of these types of nodes come up in the atomic orbitals in chemistry.

 • In the 1s state, which is the lowest energy state available around an atom, 
there are no nodes. That’s the state that looks like a single fuzzy ball 
centered on the nucleus.

 • In the second energy level, there are 2s and 2p states. All of the states in 
the second energy level have one node. The 2s state has a single spherical 
node a certain distance from the nucleus of the atom, and the 2p states 
each have a single planar node that cuts through the center of a nucleus.

 • In the third energy level, there are the 3s shell of orbitals, the 3p shell of 
orbitals, and the 3d shell of orbitals. Every standing wave shape on the 
third level has 2 nodes in it, and this continues down the atomic level 
structure. The type of node that comes up also follows a pattern:

The s wave states only have spherical nodes—or, in the case of the 1s 
state, no nodes.

The p states always have one planar node, and any other nodes must 
be spherical.

The d states always have at least 2 planar nodes or at least 2 conical 
nodes, and the rest of the nodes are spherical.
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 • Another way to label the s, p, d, f, etc., states is by L, called the orbital 
angular momentum quantum number, which takes on the following 
values:

In the s states, L equals 0.

In the p states, L equals 1.

In the d states, L equals 2.

In the f states, L equals 3, etc.

Superposition
 • The orbital angular momentum is different in the s states versus the p 

states versus the d states, etc., and we are able to find the orbital angular 
momentum by adding together atomic orbitals you’ve already seen.

 • Let’s start with a p level—specifically with the 2px orbital and the 2py 
orbital.

 • Quantum mechanical waves can’t be represented by real valued 
functions. We have to involve imaginary numbers as well as real numbers, 
so the mathematical functions that describe quantum mechanical waves 
are complex-valued functions.

 • One way to represent a complex number is as a real part plus an 
imaginary part. Real numbers are positive integers, such as 1, 2, 3, 4, etc., 
as well as negative numbers and everything in between, such as 3.14.

 • To get an imaginary number, take any real number and multiply by  −1, 
defined as a new number i. If we add a real number plus an imaginary 
number, we get a complex number. These wave functions are complex-
valued functions.

 • A different way to represent a complex number is as its amplitude or the 
overall size of the number multiplied by a phase factor.
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 • The phase of the wave function changes with time in such a way as to 
repeat itself with a certain frequency. Think of this phase as the hand 
on a clock that goes around and comes back periodically in time. The 
length of the hand represents the overall magnitude or intensity of the 
wave, and the angle the clock hand makes with respect to the vertical 
represents the phase. That phase changes with a frequency that is set by 
the energy of the state, as required by the Schrödinger equation. Higher 
energy states have a clock hand that rotates more quickly in time.

 • The 2px orbital and the 2py orbital have a phase that comes back to itself 
at the same frequency. That’s because all of the states in the 2p level 
have the same energy, and it’s the energy that sets the frequency of the 
phase oscillation.

 • What happens if we make a superposition state out of these 2 orbitals?

 • Superposition is a fancy name for adding 2 things together. But we’re not 
just going to add these 2 states directly; we’re going to take the px orbital 
and add it to i multiplied by the py orbital. That imaginary number i is the 
key to finding the orbital angular momentum of the state.

 • So, px + ipy makes a totally new kind of shape! 
It’s kind of like a spinning doughnut—only 
the size of the hole in this doughnut has 
shrunk down to have zero radius.

 • The phase still changes with time as 
it has to. Every eigenstate of energy 
has a single overall phase factor that 
oscillates in time.

 • Also, the phase of the doughnut state 
changes with time at the same frequency 
with which the px state and the py state 
change their phases with time. This has to be 
the case because they each have the same energy.
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 • So, the phase changes with time, but there’s also a smooth change of 
the phase in space. In quantum mechanics, any time there’s a smooth 
change of the phase of a wave function in space, that drives current, so 
this spinning-doughnut-shaped orbital has current running around it. The 
electron is orbiting the nucleus.

 • So, we found the orbital angular momentum in the p states. But what 
happened to the node? When we made this particular superposition of 
2px and 2py, we lost the planar nodes. But we still have one node. We 
actually have a conical node whose radius is zero everywhere, so it 
turned into a single line node. The line node is on the z-axis in this case.

 • There’s one more piece of the puzzle here in relating the px and py state 
to the state we made from px + ipy. In going from one side of the spinning 
doughnut to the opposite side of it, the phase of the wave function 
changes by 180°, which means that the wave function has an overall 
minus sign as we go halfway around the orbital.

As of 2018, the fastest 
spin on ice skates was 

executed by Olivia Oliver 
in 2015. Her spin clocked in at 
342 revolutions per minute! That 

translates into about 1035 ℏ.
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 • This particular symmetry of the orbital is also satisfied by the px orbital by 
itself and by the py orbital by itself. Think of starting on one lobe of the px 
orbital and then walking straight through the nucleus to get to the other 
side. The other lobe of the p orbital will have a minus sign relative to the 
first lobe. The same thing happens in the py state.

 • Another way to think about it is that the wave function changes sign 
in going across the planar node of the px state or in going across the 
planar node of the py state.

Spinning Doughnut Waves
 • We can also form spinning doughnut states out of the d levels. Here’s the 

set of atomic orbitals in the d level. There are 5 different shapes, because 
there are 5 different orbitals in the d level. By combining certain ones in 
pairs, we are able to find angular momentum in this shell as well.
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 • We can also make spinning doughnuts out of the f orbitals. Here’s the 
set of f orbitals in level 4. They are the 4f levels, and there are 7 of them 
in total.

 • This is the usual chemistry set of the atomic orbitals in this level. By 
combining the 2 f orbitals that look like a flower and putting an i in front 
of one of them, we can get a spinning doughnut orbital in the f level 
as well.

 • And by combining other pairs of f states, we can make double spinning 
doughnuts. And we can even make triple-decker spinning doughnuts!
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Quantized Orbital Motion
 • In the same way that spin angular momentum of the electron comes up in 

discrete values, the amount of orbital angular momentum that an electron 
can take also takes on discrete quantized values—and we can see it in 
the shapes of the spinning doughnut orbitals.

 • Let’s look at a series of 4 orbitals: 1s, 2p, 3d, and 4f. The value of the 
orbital angular momentum quantum number L for each type of orbital is 
as follows:

s orbitals have L equal to 0,

p orbitals have L equal to 1,

d orbitals have L equal to 2, and

f orbitals have L equal to 3.

 • At each spot in space, the wave function has one and only one value. This 
property is called the single valuedness of the wave function. This means 
that while the phase can wind around, it has to come back to itself.

 • If we think of the phase in the clock representation, the phase winds around 
an integral number of times every time we go around the doughnut.

 • Remember that when we see a phase of a wave function smoothly 
changing in space, that drives a current.

The s orbital doesn’t have its phase changing in space, so there’s no 
net current in it.

The p orbital has its phase wrap around once as we go around the 
equator, and that slowly changing phase drives a certain amount of 
current around the p orbital.

The d orbital has its phase wrap around 2 times, so it has more current 
running around it, because the phase changes more quickly as we 
go around.

The f orbital has even more current circulating around its axis.

Orbital angular momentum 
is distance times 
momentum: L =  r  × p .
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Because the electron is a charged object, every time it has an 
angular momentum of any kind—whether it’s due to spin or to 
orbital motion around the nucleus of the atom—it generates a 
magnetic moment.  
 
So, if you have any permanent magnets, for example, holding 
up a list on your refrigerator, then you have a macroscopic 
manifestation of quantum physics!

 • This gives us another quantization condition 
in the atomic orbitals. In addition to the 
shape being quantized and leading to a 
quantization of energy levels, the quantization 
of the number of times the phase can wrap 
around leads to a quantization of the amount 
of circulating current that can be in one 
of these orbitals. And this gives rise to the 
quantization of the orbital angular momentum.

 • We get discrete answers for the orbital angular momentum of these 
atomic states, and the presence of the whole numbers is set once again 
by the geometry of the wave shapes, because the wave function has to 
match up with itself when we walk around the equator of the wave.

READINGS
Goss, Linear Combinations of p Orbitals. http://demonstrations.wolfram.com/

LinearCombinationsOfPOrbitals/. See also http://demonstrations.wolfram.
com/LinearCombinationsOfDOrbitals/ and http://demonstrations.
wolfram.com/LinearCombinationsOfFOrbitals/.

Griffiths, Introduction to Quantum Mechanics, section 4.3.

s ℓ = 0 Lz = 0 ℏ

p ℓ = 1 Lz = 1 ℏ

d ℓ = 2 Lz = 2 ℏ

f ℓ = 3 Lz = 3 ℏ
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http://demonstrations.wolfram.com/LinearCombinationsOfDOrbitals/
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Lecture 15

Quantum 
Properties of Light

L ike all quantum particles, light exhibits particle-wave 
duality. In the case of electrons, we knew about the 

particle nature first and learned about the wave nature later, 
as quantum theory was developed. But in the case of light, 
we knew about its wave properties early on, and it was only 
later that we learned that light is also particle-like in nature. 
This discovery was also a major reason for the development 
of quantum theory.

The Quantum Nature of Light
 • Light is not just a wave, but it also comes in discrete packets, or particles, 

called photons. Each photon carries a discrete and definite amount of 
energy, and it even carries a discrete, quantized amount of momentum.

 • The energy of a single photon is related to its frequency through this 
formula:

E = hf,

 where E stands for energy, f stands for frequency, and h is Planck’s constant.
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If you’ve ever appreciated the swirl of colors that 
can come from a soap film or from a film of 

oil on water, then you’ve seen the wave 
nature of light. In the case of a soap 

bubble, the various colors you 
see are due to interference 
between waves of light.
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 • The frequency of light is what we perceive as various colors.

 • Frequency is always about something oscillating in time. And in the case 
of a wave of light, there’s an electromagnetic wave oscillating in time. 
Light is a combination of electric fields and magnetic fields that serve to 
generate and reinforce each other and keep the light moving.

 • So, a single photon of light has a particular color or frequency, and 
its energy equals Planck’s constant times the value of that frequency, 
measured in hertz, or number of oscillations per second. For typical 
visible light, this is something like 500 trillion hertz.

 • As far as we can tell, photons have no mass, so we treat them as particles 
with zero mass. At first glance, that might seem to suggest that photons 
have no momentum.

 • Up until now, momentum has been described as mass times velocity, but 
the caveat is that’s the formula to use when something is traveling slowly 
compared to the speed of light. Here, that formula has to be thrown out, 
because light travels at the speed of light.

 • And in fact, photons do carry momentum. Each photon carries the 
following momentum:

p = h/λ,

 where p stands for momentum, h is Planck’s constant, and λ stands for the 
wavelength of the light.

 • If we could take a snapshot of the light and draw how big the electric 
field is at each point in space, we would see that it takes a wave shape, 
which means that if we start from a spot in space where the electric 
field is zero, the wave would make the electric field increase for a while, 
then decrease for a while, pass through zero and then go negative (or 
point in the other direction), and then head back to zero again. And that 
pattern would repeat as the light oscillates and travels. The amount of 
space that the entire cycle takes up is one wavelength of light.
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Light has a frequency, which means a particular pattern is 
repeated in time. The amount of time it takes for that pattern 
to repeat is the period of the oscillation. Light has a particular 
wavelength, which means it repeats a particular pattern in 
space over a particular distance. The wavelength of light and 
the period over which it repeats in time are related through 
the speed of light like this:

λ/T = c, 

where λ is wavelength, T is time, and the constant c is the 
speed of light, which equals about 300 million meters per 
second or 670 million miles per hour.  
 
Because the speed of light c is a constant, this means that 
if we know the wavelength of the light, then we also know 
its frequency. Because frequency is color, we can uniquely 
identify the color of light by stating its frequency or by stating 
its wavelength.

The Photoelectric Effect
 • We know that light comes in discrete particles called photons from the 

photoelectric effect.

 • If you shine the right kind of light at a material, you can get electrons to 
shoot out of it. Light comes in, interacts with the material, gets absorbed, 
and then kicks an electron out of the material. It is not common for 
electrons to come shooting out of a material; they don’t do this normally. 
Normally, they’re bound inside the material with a particular binding 
energy.

Understanding the Quantum World
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 • If you try to reach into a material and grab an electron and pull it out, it 
would take a certain amount of energy to do that. So, the light needs to 
carry enough energy into the material that that energy can then be used 
to pull the electron out of the material.

 • One way to get more energy in a light source is to turn up the brightness, 
or intensity, of the light.

 • Experiments on the photoelectric effect have taught us that if we want to 
make electrons shoot out of the material, it doesn’t work to just turn up the 
brightness of any light source. Doing so does put more energy into the 
material, but not in such a way as to kick electrons out of it.

 • To get electrons to shoot out of a material, you have to use light of the 
right color. Once you put in light of a high enough frequency on any 
given material, electrons start to shoot out of it.

One way our skin uses quantum mechanics 
to harvest light energy from the Sun for 

beneficial purposes is through the 
production of vitamin D in our skin. 

Vitamin D production starts with 
the absorption of quantized 

energy packets of UVB light 
around 296 nanometers. This 

essential vitamin plays a 
critical role in maintaining 

proper calcium levels 
and bone density in 

our bodies.
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 • Light that oscillates at a slower rate, or frequency, will never cause any 
electrons to jump out of the material, no matter how high you turn up the 
brightness. But even dim light of a high enough frequency will cause a 
few electrons to shoot out of the material.

 • If it were just a case of needing to get enough total energy imparted to 
the electron in order to kick it out, then you really could just turn up the 
intensity of light. But it turns out that it matters how the energy arrives.

 • Albert Einstein proposed that light is carried by 
discrete packets of energy called photons and 
that the energy of a single photon is related to its 
frequency through this formula: 

E = hf.

 • Imagine that you had 5 photons of the same frequency arriving at the 
same time. They would carry an energy that is 5 times this. So, the total 
energy arriving at any instant is hf multiplied by the number of photons 
that arrive at that moment.

 • As you turn up the number of photons, the light gets brighter and more 
energy is carried in per second.

 • The problem is that the electron in the material exists in quantized energy 
states. It can be at one energy or the other, but not in between.

 • Think about this like an elevator in a building, where the floor level of 
the building is analogous to the energy level of the electron. Just as an 
elevator only stops at each floor and not in between, the electron can 
only have energy of certain quantized amounts—nothing in between.

 • For the electron to get ejected out of the material in the photoelectric 
effect, that requires a certain amount of energy to arrive all at once.

 • Think of the photons as carrying energy into the elevator to take it up a 
level. If you send it light that’s too low in frequency, then each photon 
that comes by does not have sufficient energy to move the elevator up a 
level, and the electron can’t absorb the photon.

Lower frequency 
means longer 
wavelength.
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 • What if the electron grabbed, say, 10 lower-energy photons?

 • For that to work, the photons would have to arrive all at the same time. 
Because the electron can’t absorb lower-energy photons—because that 
would put its energy elevator in between floors, which is forbidden—then 
there’s no way for the electron to sit there and catch photons, put them in its 
pocket, and wait until there’s enough to cash them all in and move up a level. 
The only way the electron can store energy is to move up these discrete 
levels in the energy elevator. This transaction has to be instantaneous.

 • What we’ve learned from this is that in order for the electron to feel the 
kick of light—in order for it to receive enough energy to get ejected out 
of the material—it’s not getting that energy from the brightness of the light, 
but it’s getting it from the frequency itself.

FREQUENCY, COLOR, WAVELENGTH, AND ENERGY  
 
Because light is a wave, it can have any wavelength. We humans 
have figured out how to measure light all the way from a tenth of 
an angstrom in wavelength, which is about a tenth of the size of an 
atom, all the way up to a kilometer or more in wavelength. 
 
The wavelengths that we’re most used to interacting with are the 
ones that we can detect with our eyes. This visible light occupies 
a tiny part of the electromagnetic spectrum. Light that’s visible to 
humans ranges from 400 to 700 nanometers in wavelength. 
 
Within the visible range of humans, purple and blue light have the 
highest frequency and the shortest wavelength, and red light has 
the lowest frequency and the longest wavelength. 
 
Light that is outside of our visible range is called ultraviolet, 
meaning beyond violet, if the frequency is higher than 750 
terahertz. Light that is below human visible range is called infrared 
light, meaning below red, if the frequency is less than 432 terahertz.
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 • The photoelectric effect is important because it is the measurement that 
tells us that light comes in discrete packets.

 • Einstein’s proposal that light must come in discrete packets and that each 
photon carries an energy equal to its frequency times Planck’s constant 
was based on the fact that electrons only shoot out of the material once 
light of a high enough frequency is used.

Photons and Angular Momentum
 • In addition to carrying a discrete amount of energy and a discrete 

amount of momentum, photons also carry a discrete amount of angular 
momentum.

 • In quantum mechanics, angular momentum gets quantized, and it tends 
to come up in units of ℏ—which is Planck’s constant divided by 2π. Some 
particles, such as electrons, can carry 1/2 ℏ at a time.

 • Every photon, no matter its energy, carries 1 and only 1ℏ of angular 
momentum. The fact that it has a whole ℏ associated with it rather than a 
1/2 ℏ has enormous consequences for how the particles behave.

 • Whereas electrons, and any other particles that carry a spin of 1/2 ℏ, 
have to obey the Pauli exclusion principle, photons don’t have to obey it 
because they’re carrying a whole number of ℏ.

 • No particle that carries a whole number of ℏ as its intrinsic angular 
momentum has to obey the Pauli exclusion principle, which states that no 
2 electrons can be doing exactly the same thing at the same time.

 • This is why when we fill up atomic orbitals with electrons, we can put 
one electron of spin up into, say, the 1s state and then one election of 
spin down into the 1s state, and then no more electrons can be put in that 
energy level.

 • Because photons don’t have to obey the Pauli exclusion principle, 
we can stuff as many photons as we’d like into the same state at the 
same time. This property is what makes lasers possible. Lasers work 
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by pumping many, many photons into the exact same quantum state. 
That’s what makes the light coherent, meaning it’s all coming out with the 
exact same phase. All of those coherent waves lead to a whole lot of 
constructive interference, and that’s why laser light can have such a high 
intensity, meaning it’s bright.

READINGS
Beehler, “Simple Photoelectric Effect.” You can try the photoelectric effect 

yourself with this DIY guide.

Chabay and Sherwood, Matter & Interactions II, section 25.3.

Nave, HyperPhysics, “Early Photoelectric Effect Data,” http://hyperphysics.
phy-astr.gsu.edu/hbase/mod2.html.

Tilley, Colour and the Optical Properties of Materials, chap. 1, sections 1.1–1.3 
and 9.11.

http://hyperphysics.phy-astr.gsu.edu/hbase/mod2.html
http://hyperphysics.phy-astr.gsu.edu/hbase/mod2.html
https://www.thegreatcourses.com/
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Lecture 16

Atomic Transitions 
and Photons

H aving been exposed to lectures on the standing 
wave shapes that electrons take around the nucleus 

of an atom, the quantization of angular momentum, and 
the quantized properties of light, you’re now ready to put 
these ideas together to understand how photons interact 
with atoms.

How Photons Interact with Atoms
 • Let’s start with the 1s state of hydrogen, which is at −13.6 electron volts. 

Remember that the energy is negative overall because it’s a bound state 
in the sense that it’s a lower energy than we would find in an unbound 
state, which would take the electron away from the proton entirely and 
move it infinitely far away.

 • The 2p state in hydrogen has a higher energy, at −3.4 electron volts.

 • Now let’s say we took a hydrogen atom and put it into one of its 2p 
states. If we’re talking about a neutral hydrogen atom, that means there’s 
only one electron and only one proton. In other words, there are no 
electrons in the 1s state and no electrons in the 2s state.
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 • So, if we prepare hydrogen in one of its 2p states, that would be called 
an excited state of the atom—which means the atomic state is in a higher 
energy state than the lowest energy state available. When an atom is in 
an excited state, it’s possible for the electron to essentially fall down into 
one of the lower energy levels.

 • There are a few caveats on how an electron can fall from an excited 
state into a lower energy state:

The state the electron is heading into needs to be available; that is, it 
needs to be unoccupied. In an atom with more protons and electrons in 
it, there could be a situation where the lower energy levels are already 
occupied. In that case, a higher-energy electron is blocked from falling 
into a lower energy state because of the Pauli exclusion principle.

If the atomic state changes its overall angular momentum as the 
electron falls down, we’ll have to figure out what happened to the rest 
of the angular momentum.

 • Let’s start by thinking about a very specific excited 
state that hydrogen can have. Let’s start it off in 
one of the 2p states, and let’s put it into one of 
those spinning doughnut orbitals so that the 
electron has net orbital angular momentum 
of 1 ℏ around the z-axis. In other words, when 
viewed from a spot anywhere on the positive 
z-axis, there will be current density in that 
atomic orbital that circulates counterclockwise 
around the nucleus.

 • Because it’s an excited state, it’s possible in principle for the electron to 
jump down to a lower energy state if we can figure out how it could do 
that and conserve energy and angular momentum at the same time.

 • The only lower energy level than the second level is the first level, and the 
only state in the first level is the 1s state. So, if this electron were to decay into 
the 1s state, then the atom will have lost 1 ℏ of angular momentum spinning 
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counterclockwise when viewed from the positive z-axis, and it will have 
lost energy equal to the difference between the 2p state and the 1s state. 

 • Because 13.6 electron volts minus 3.4 electron volts equals 10.2 electron 
volts, that’s how much energy will need to be carried away by something.

 • For the case of atomic transitions, that something is a photon, a packet of 
energy that gets carried away as light. So, in order for the electron to fall 
down from the 2p state into the 1s state, it will have to emit a photon with 
an energy of 10.2 electron volts.

 • Now what do we do about the angular momentum?

 • In the particular 2p state that we started the atom in, it has 1 ℏ worth of 
angular momentum rotating counterclockwise around the z-axis. If we let 
the electron move down into the 1s state, it will have no orbital angular 
momentum, so the atom will have changed its overall angular momentum 
by 1 ℏ.

 • This means that the photon that carries away 10.2 electron volts of energy 
also needs to carry away the excess angular momentum; otherwise, angular 
momentum wouldn’t be conserved in the process. As with conservation of 
energy, conservation of angular momentum means that we’ll always have 
to keep track of where it goes, and it has to go somewhere.

 • In the atomic transition from the electron being in a 2p state, where it has 
a net angular momentum of 1 ℏ rotating around the z-axis, into the 1s state, 
where it has no orbital angular momentum about the z-axis, the photon 
that’s released carries away the difference in energy between the 2 states 
and also carries away 1 quantum of angular momentum, which is equal to 
1 ℏ. That’s good, because a single photon has angular momentum of 1 ℏ.

 • In the process, an electron transitioned from a higher energy state to a 
lower energy state, and it emitted a photon in order to do it. We needed the 
photon in order to conserve energy and angular momentum. Because the 
atom lost 10.2 electron volts of energy and 1 ℏ of orbital angular momentum 
during the process, the photon was the perfect particle to carry that energy 
and angular momentum away from the atom.
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 • And it turns out that the reverse process is also possible. If we start the 
hydrogen atom in its 1s state and send toward it a photon of energy 
10.2 electron volts, then that photon can get absorbed by the atom. The 
energy will be used to kick the electron up into a higher energy state—
specifically, a 2p state—and because the photon brought into the system 
1 quantum of angular momentum, ℏ, the atom needs to be left with an 
overall angular momentum of 1 ℏ.

 • So, atoms increase their energy when they absorb a photon. An atom 
that starts off in the 1s state could absorb a photon of the right energy and 
the electron would get kicked up into one of those 2p states. And once 
it’s in that 2p state, if another photon comes along of the right energy, 
that photon could also get absorbed by the atom, and then the electron 
would get kicked up into a higher energy state, such as the 3d state.

 • Likewise, atoms can decrease their energy levels by releasing a photon, as 
long as energy and angular momentum are conserved and there’s a lower 
energy state available for the electron to fall into.

 • Because atomic energy levels are 
quantized, the photons that get 
absorbed or emitted during these 
transitions have to be of exactly the 
right energy to cause the transition. 
A photon with an energy that’s 
not quite right won’t work. And 
because the energy for a photon is 
set by its frequency—and frequency 
means color—each specific atomic 
transition has a specific color of 
light associated with it.

 • Some of these transitions involve 
photons that our eyes can detect, 
and some of the transitions have 
either too much energy or too little 
energy for our eyes to detect.
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Emission and Absorption Spectra
 • When measuring the energy of the photons that come out of excited 

atoms, scientists can take what’s called an emission spectrum. The 
word spectrum means we’re considering a range of color or range of 
frequency, and in this case, it’s called an emission spectrum because the 
atom is emitting light as it decays from an excited state down to a lower 
energy state.

 • The emission spectrum can be measured across a huge range of energy 
scales, extending beyond what the human eye can see, into the infrared 
or ultraviolet.

 • Working only with the visible range for now, here’s a schematic of 
what the emission spectrum should look like for hydrogen based on the 
principles we’ve learned so far. There are discrete lines associated with 
the exact energies of the photons that can come out as electrons fall from 
a higher energy state into a lower one.

 • When we compare our schematic spectrum with actual data for the 
emission spectrum of hydrogen, the data matches our expectation 
pretty well: There are bright lines at the expected energies, and these 
bright lines are due to the atom emitting photons at the specific discrete 
energies associated with an electron falling from one energy level to a 
lower energy level.
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 • But there’s a bit more structure in the spectrum derived from actual 
data. It’s not a series of razor-sharp lines, like our schematic; instead, 
the lines are fuzzy. This is partially because when we get very detailed 
about exactly which way the spin of the electron points in these atomic 
energy levels, that can sometimes cause what we thought was a single 
energy level to split into 2 or more energy levels. A good analyzer and 
experimental setup is needed to see this spin-orbit coupling or it shows 
up as a single fuzzy line.

 • Instead of taking an emission spectrum, 
we can also take an absorption spectrum. 
In this case, we would send white light or 
broad-spectrum light toward a gas of the 
atoms we want to study and then measure 
what comes out on the other side of our 
gas chamber.

 • The atoms in the gas will end up strongly 
interacting with the frequencies of light for 
which they have atomic transitions; they’ll 
end up absorbing a bunch of photons at 
exactly the same frequencies at which 
they have their emission spectra. Those 
excited atoms will also emit photons at the 
same frequencies.

Absorption 
spectra are 
often used by 
astronomers to 
figure out what 
stars are made of; 
specifically, they 
can identify which 
atoms are causing 
the absorption 
lines in a star’s 
spectrum.
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SPECTRA OF DIFFERENT ATOMS 
 
In the periodic table of the elements, atoms other than hydrogen 
have their own distinct energy levels, and their energies are 
different from those of the hydrogen atom. The atomic orbitals 
are still given the same names, such as 1s, 2s, 2p, and 3d. This 
naming system is based on the symmetry properties of the 
orbitals, which are set by geometry and determine the standing 
wave shapes that waves can take in 3 dimensions. 
 
But the exact energies and the exact spacing between the 
energy levels depends on the number of protons in the 
nucleus and the number of electrons that are swarming 
around the atom. Because of this, the electron transitions—
and, therefore, the specific quantized photons that atoms emit 
during those transitions—are as good as a fingerprint for 
identifying the atom.

 • The key to an absorption spectrum is that we send in the white light in a 
particular direction. The atoms in the gas will absorb specific energies of 
light out of that spectrum, corresponding to the allowed atomic transitions 
they have. But every time they reemit a photon, that photon gets sent off 
in a random direction.

 • This means that when we measure which colors of photons make it to our 
detection device on the other side of our gas chamber, we’ll see some 
dark spots, where there aren’t a lot of photons coming through of that 
frequency. That’s the absorption spectrum.

 • The dark spots correspond to the frequencies at which the gas of atoms 
absorbs that frequency of light, and then, because they reemit the light 
in random directions, much less of that frequency gets sent toward our 
detector, and we’ll see a dark spot at that frequency.
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 • The dark spots in the absorption spectrum happen at exactly the same 
frequency as the bright spots in the emission spectrum.

 • And, just like a fingerprint, we can use it to identify the culprit!

READINGS
Feynman, Leighton, and Sands, The Feynman Lectures on Physics, vol. 3, 

chap. 18, section 18.1. 

Nave, HyperPhysics, “Electronic Transitions,” http://hyperphysics.phy-astr.
gsu.edu/hbase/hyde.html.

Tilley, Colour and the Optical Properties of Materials, chap. 7, sections 7.1–7.3. 

Winter, “The Periodic Table of the Elements,” https://www.webelements.
com. Click on any element to see its calculated emission spectrum in the 
visible range.

http://hyperphysics.phy-astr.gsu.edu/hbase/hyde.html
http://hyperphysics.phy-astr.gsu.edu/hbase/hyde.html
https://www.webelements.com
https://www.webelements.com
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Lecture 17

Atomic Clocks 
and GPS

I n the United States, official civilian time is kept by the 
National Institute of Standards and Technology (NIST). 

International time is coordinated through the International 
Bureau of Weights and Measures in Paris and has been 
based on atomic clocks since 1958. To understand how 
atomic clocks work, you’ll have to use your knowledge of 
electronic energy levels in an atom and how those electronic 
energy levels interact with photons. This application 
of quantum physics to atomic clocks is one of the most 
pervasive ways that people depend on quantum physics 
every day.
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How Atomic Clocks Work
 • The atomic clocks that are being used as the standard for timekeeping 

rely on cesium atoms. In fact, the International System of Units defines the 
second in relation to an atomic transition of cesium:

The second is the duration of 9,192,631,770 
periods of the radiation corresponding to the 
transition between the two hyperfine levels 
of the ground state of the caesium-133 atom.

 • To make a clock out of cesium atoms, we take 
one particular atomic transition in cesium, measure 
the frequency of the photon needed to make that 
transition happen, and then use the frequency of 
that photon to count the passage of time.

 • Cesium has 55 protons in the nucleus, so it has 55 electrons bound to 
the atom. According to the Madelung rule for filling up atomic shells 
with electrons, 54 of the electrons in cesium have filled up all of these 
electronic orbitals to make them filled shells through the 5p state, and 
then the 55th electron is in the 6s state. This is the electron that helps us 
tell time. It has a spin of 1/2, and because it’s in an s orbital, there’s no net 
orbital angular momentum of the electron to worry about.

 • Through what’s called the hyperfine interaction, the spin of an electron 
does interact with the spin of the nucleus of the atom. In the same way 
that electrons carry spin, the nucleus of each atom also has a particular 
spin state associated with it.

 • Because of the shapes that the standing waves of electrons take around 
the nucleus, most atomic orbitals don’t experience a direct interaction 
between the spin of the electron and the spin of the nucleus. That’s 
because most atomic orbitals have a node that cuts right through the 
nucleus. This is true for the p states, the d states, the f states, etc.

 • In fact, it’s true for every shape of orbital except for the s states, which 
do not have a node that goes through the nucleus. Rather, their nodes 

A period is 
the amount of 
time it takes 
to go from 
one spot in 
an oscillation 
back to that 
same spot.
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are spherical in shape, and they’re centered on the nucleus. This means 
that when an electron is in an s-shaped orbital, it spends a significant 
amount of time near the nucleus. When we go to look for the electron, 
we’re quite likely to find it essentially at or near the nucleus. Because of 
this, electrons that are in s states are sensitive to the spin of the nucleus.

 • So, even when cesium is in its ground state, where the electron is in the 
lowest energy state possible as far as the atomic shells go, there is a 
single electron in the 6s state.

 • Even though the sixth level is a pretty high level—and therefore the 6s 
state has a relatively large radius compared to the lower energy levels, 
because it’s an s state—the electron wave does overlap the nucleus, so 
the electron spends enough time at the nucleus that it also interacts with 
the spin of the nucleus.

 • The spin of the electron and the spin of the nucleus can either be anti-
aligned or aligned, and the energy difference between those states is 
3.80 × 10−5 electron volts. It’s tiny compared to the overall binding energy 
of the 6s electron onto the atom itself, which is about 100,000 times 
larger, at 3.9 electron volts.

 • In its true ground state, the cesium atom has the electron spin anti-aligned 
with the nuclear spin, but there’s only a tiny energy difference between 
that and the aligned state. The photon that would take the atom from that 
ground state to an excited state where the electronic and nuclear spins 
are aligned is the photon that’s used in the definition of the second.

If you’ve done any online banking recently or used a 
credit card or debit card—or made any transaction 
electronically—chances are that atomic clocks 
were used to put the time stamp 
on that financial 
transaction.
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 • But how do we actually get the atom to tell us 
about time?

 • Atoms have no sense of an overall timescale. 
Their job is to keep time in the sense of a 
metronome, which marks the rate at which 
time passes. One of the keys is to get the atom 
to tell us a particular frequency, and then we 
can use that to keep time, like a metronome.

 • How can we get a frequency from an atom?

 • We use the energy difference between 
cesium’s excited state that has the 6s 
electron’s spin aligned with the nuclear spin 
and cesium’s true ground state. That energy 
difference is 38 millionths of an electron volt. 
When the cesium atom makes that transition, 
it will emit the photon we need to set our 
metronome’s frequency. This is the photon 
that’s used in the definition of the second as 
a unit of time; its electric field changes sign 
exactly 9,192,631,770 times per second.

Why GPS Needs 
Accurate Time
 • To get an accurate reading of your position, both the satellite and 

you need to know the current international atomic time to within a few 
nanoseconds, which is a few billionths of a second. If either your clock or 
the satellite’s clock were off by even 4 microseconds, or 4 millionths of a 
second, the location on your GPS receiver would be off by a kilometer! 
So, for GPS to work accurately as a way of navigation, you need atomic 
clocks up in the GPS system.

The NIST-F2 
atomic clock in 
Boulder, Colorado, 
is so accurate that 
it would take it 300 
million years of 
operation to get 
off by 1 second!  
 
The clock relies 
on the hyperfine 
splitting—meaning 
a very, very 
tiny energy 
difference—of the 
cesium ground 
state. And that 
energy difference 
is very sharply 
defined, which 
is the key to the 
clock’s accuracy.
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 • In addition, NIST is continually monitoring the satellites’ clocks from 
more than 50 ground-based stations and updating the satellite clocks 
as needed. Without all that monitoring and correction, the system would 
quickly become so inaccurate that it couldn’t be used for navigation.

 • In order to know your exact position on Earth, you need to figure out 3 
numbers: your latitude, your longitude, and your height from sea level. In 
order to figure out these 3 numbers, you need to measure 3 things. The 3 
things that your GPS receiver measures are 3 distances—specifically, the 
distance from your GPS receiver to 3 separate satellites.

 • There are about 30 satellites in the GPS constellation. They follow 6 
different orbits. The orbits are spaced out such that from most places on 
Earth’s surface, you should have a line of sight to at least 4 satellites.

 • The signal that your GPS receiver picks up from any satellite is a message 
that tells you where the satellite was and what time it was when it sent the 
message. But when you receive that time information and compare it to 
your local clock, you’ll see that they are a little different. That’s because 
it takes the signal about 67 milliseconds to travel all the way from the 
satellite to you—a distance of about 20,000 kilometers.

 • This is because the signals get transmitted in the microwave frequency 
range, at 1.2 and 1.6 gigahertz. Microwave signals are electromagnetic 
waves, so they travel at the speed of light.

 • The information that you really want is the distance from the satellite to 
you; the information you actually have is the time delay.

 • You know what time the satellite sent the signal and what time you 
received it. The difference, then, is the travel time of the radio signal 
from the satellite to your GPS device. Because you also know where the 
satellite was when it sent the message, you can use the familiar equation 
d = rt , where d is distance, r is rate, and t is time, to calculate the distance 
to where the satellite was when it sent the message.
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 • If you take the travel time of the signal and multiply it by the speed of 
light, that gives you the distance from your own GPS receiver to the 
place where the satellite was when it originated the signal.

 • Once you have that information from 3 satellites, you know where you 
are. This method of setting your position based on your distance to 3 
other objects is called trilateration.

The clocks on the GPS 
satellites are running 

faster than the ones on 
Earth due to Albert Einstein’s 

general relativity (by 45 
microseconds per day), but 

they’re running slower than the 
ones on Earth due to Einstein’s 

special relativity (by 7 microseconds 
per day).  

 
Altogether, that’s 38 microseconds per day that must be accounted for. 
Without taking into account these relativistic effects, GPS devices would 
accrue an error of 10 kilometers every day.
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 • So, overall, you receive information from 
3 satellites about what time it was when 
the satellites were at particular points in 
space and then use the travel time of the 
signals to calculate your distance from 
those 3 satellites, which tells you your 
unique position.

 • Once you’ve found your position using 
satellites 1, 2, and 3, you involve satellite 
4. Let’s say that you recalculate your 
position using only satellites 2, 3, and 4. If 
the clock in your GPS receiver is running 
fast or slow, then those 2 positions you 
measure for your location will not be 
the same. When this happens, the GPS 
receiver adjusts its own clock, which causes those 2 calculated positions 
to adjust. Once the positions match up, your GPS receiver updates its 
own clock to be consistent with the NIST timing signals, and you can be 
sure your position information is accurate as well.

READINGS
Lombardi, Heavner, and Jefferts, “NIST Primary Frequency Standards and the 

Realization of the SI Second.”  

Nave, HyperPhysics, “Atomic Clocks,” http://hyperphysics.phy-astr.gsu.edu/
hbase/acloc.html.

Trimble, “GPS Tutorial.”

U.S. Naval Observatory, “Current GPS Constellation.” 

Will, “Einstein’s Relativity and Everyday Life.”

To achieve the 
accuracy of most 
GPS-enabled 
smartphones, which 
is about 5 meters, 
requires that the 
clocks within the 
GPS system be 
synchronized 
to within 15 
nanoseconds of 
each other.
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Lecture 18

Quantum 
Mechanics and 
Color Vision

T his lecture is about how our sensory perception of color 
arises. How color is perceived by human beings—how 

it works in our eyes—has some quantum mechanical effects. 
In fact, we most encounter quantum effects on a daily basis 
in our perception of color.

How Our Eyes Perceive Color
 • At the back of the human eye is the retina. And lining the retina are 2 

cells in particular that are involved in both capturing light and transmitting 
signals to our brain.

Rod cells are broadly sensitive in the visible range; that is, they’re 
tuned to pick up a wide range of frequencies, or colors.

Cone cells are tuned to specific colors, and they give rise to color 
vision.
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The photoreceptor cells in our retinas only absorb a certain 
narrow range of frequencies of light. Photons that are either 
too high in energy or too low in energy don’t get absorbed 
by those cells.  
 
Frequencies of light that are just slightly too high in energy 
for our eyes to capture and process as visible light are called 
ultraviolet frequencies. 
 
At higher frequencies beyond that are x-rays, then  rays, and 
then very-high-energy cosmic rays. 
 
And on the low-frequency side, photons that are close to 
visible but lower in energy than our eyes can perceive are 
called infrared photons. Even-lower-frequency photons are in 
the microwave range, and we use the even-lower frequencies 
for wireless communications.

Frequency (Hz)
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 • Of the 2 types of photoreceptor cells, the rods are responsible for low-
light vision, and we perceive that as monochromatic, or essentially black 
and white or grayscale. It’s the cones that give rise to color vision.

 • A single human retina has about 100 million rod cells and about 4 million 
cone cells. Not only do we have more of the rod cells, which give us 
night vision, but the rod cells themselves are much more sensitive. There’s 
even evidence that a single photon captured by a single rod cell is 
enough to start a signal to your brain to sense the light. That’s truly light 
detection at the quantum level!

 • Although the rod cells are very sensitive to low levels of light, they actually 
saturate in bright light, so when it comes to bright light, our vision relies on 
the cone cells, and those are the ones that help us perceive color.

 • The workhorse of both the rod and the cone cells is a molecule called 
retinal. What’s special about retinal is that it has a carbon chain that 
can take 2 different configurations: cis-retinal and trans-retinal. Chemists 
call these isomers; they’re different physical shapes of the same chemical 
formula.

Your body makes retinal from beta-carotene, a pigment that 
gives carrots their orange color. Your body then converts the 

beta-carotene into vitamin A and subsequently into a 
molecule called retinal.
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 • In this molecule, many carbon atoms are connected to 3 other atoms, 
and those bonds make the characteristic 120° angle.

 • The s and p orbitals associated with a particular atom can hybridize 
around the atomic nucleus to form new, distinct shapes. Here, some 
carbon atoms have 3 neighboring atoms that they bond with, because 
their outermost s and p orbitals have hybridized into the sp2 shape. The 
2 in sp2 hybridization reminds us that altogether 2 p orbitals are involved 
in the hybridization, so with a single s orbital plus 2 of the p orbitals 
involved, we should expect there to be 3 distinct orbitals that come out 
of sp2 hybridization. These spread out evenly in space, forming the 120° 
angles in this molecule.

 • Each carbon atom has a total of 6 electrons. We put 2 electrons in the 1s 
state and 2 into the 2s state, and 2 can go into the 2p level. The 1s shell is 
filled and inert, but the 2s level and the 2p level can hybridize. Because 
we have 2 electrons in the 2s level and 2 more in the 2p level, this means 
that each carbon can contribute 4 electrons for chemical bonding.

 • Yet many of these carbons have only 3 atoms they’re bonding with. But 
there are also some double lines, which represent double bonds—places 
where 2 bonds form at the same spot.

Understanding the Quantum World

LECTURE 18  Quantum Mechanics and Color Vision

https://www.thegreatcourses.com/


152

Understanding the Quantum World

LECTURE 18  Quantum Mechanics and Color Vision

 • If you follow the carbon chain directly, you’d find a sequence of 
alternating single bonds and double bonds. These are all covalent 
chemical bonds, meaning that an electron is shared between 2 atoms. 
The standing wave shapes that electrons take in the case of covalent 
bonds are different from the shapes they take around a single atom, 
because the standing wave will now be surrounding both of the atoms 
at the same time.

 • In a typical carbon chain, there are some single bonds and some double 
bonds. For a single bond, each atom has contributed one electron to be 
in the shared molecular orbital. In a double-bond situation, each atom 
has contributed 2 electrons to be in 2 different shared molecular orbitals. 
It’s one of these double bonds that’s going to give us the quantum 
mechanics we need for our vision system to work!

 • In its usual configuration in the eye, retinal takes the cis conformation.

 • This is a regular, zigzag carbon chain for carbons at positions 7, 8, 9, 10, 
and 11. But at carbon 12, it takes a bend. That bend is why this is called the 
cis conformation. Cis comes from a Latin root meaning on the same side.

cis-retinal
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 • Off of each carbon in the chain is a side group. When 2 side groups in 
a row are on the same side of the chain, that’s called a cis configuration. 
The hydrogens associated with carbon atoms 11 and 12 are on the same 
side of the chain, so there is a cis configuration at that bond.

 • The other isomer of retinal is trans-retinal.

 • In this configuration, the zigzag no longer takes a bend. It’s been 
straightened out into its trans-retinal conformation. It’s called trans 
because now the hydrogens are on opposite sides of the double bond 
between carbon atoms 11 and 12. In fact, the longer name is all-trans-
retinal, because the side groups alternate sides along the entire chain.

 • The key to vision is that absorption of a photon in the right energy range 
converts the retinal molecule from its usual bent configuration, which is 
the cis form, into the straightened-out trans configuration. That’s what 
triggers the surrounding proteins to begin sending signals to the neurons, 
which transmit the signal to the vision center of the brain.

trans-retinal

Not everyone perceives color in the same way. A significant 
percentage of our population experiences color blindness 
or, more often, color deficiency. Color blindness and color 
deficiencies happen when one of the 3 types of cones either is 
not present or is shifted in frequency.
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Covalent, Sigma, and Pi Bonds
 • Covalent chemical bonds between 2 atoms are made when one 

electron from each atom becomes shared between the 2 atoms. The 
single bond between carbon atoms 11 and 12, for example, is formed by 
a sigma bond between sp2-hybridized orbitals on each of the carbons.

 • With any covalent bond, the atoms do something like a handshake 
by each extending one electron into a combined molecular orbital. In 
the case of a sigma bond, the part that’s forming the handshake has 
no nodes.

 • Once we know the particular wave shape that happens, we need to 
think about how the Pauli exclusion principle plays into this. If we let one 
electron from each atom participate in forming this bond, then we have 2 
electrons we need to put into this molecular orbital, and we can do that if 
we put one electron with spin up and the other electron with spin down.

 • The key to understanding how the retinal molecule detects light is to 
notice that molecular configurations can twist around a sigma bond, and 
that’s basically because the wave shape looks the same when it is rotated 
around its long axis. It’s like a swivel hook: They’re hooked together, but 
the molecule can swivel around an axis connecting the 2 carbons.

 • The molecule is not going to be able to twist around any of the double 
bonds, for very quantum mechanical reasons!

 • In the places on this chain where a double bond forms between 2 
carbon atoms, that’s going to involve a sigma bond with 2 electrons in 
it, one with spin up and the other with spin down. And the double bond 
is also going to involve what’s called a pi (p) bond—a molecular wave 
that has a single planar node—existing at the same spot, between the 
same 2 carbon atoms.

 • Whereas the sigma part of the double bond looks the same when you 
rotate it, the pi part of the double bond does not look the same if you 
rotate it around an axis connecting the 2 carbon atoms. This means that 
the pi bond is not free to twist.
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 • And this means that cis-retinal cannot freely twist about its double bonds.

 • The secret sauce to our vision starts when a photon of light interacts with 
one of the electrons in the pi bond, jolting it with the right amount of 
energy to kick it up to a higher energy level. This momentarily converts 
the double bond into a single bond, and the molecule begins to twist 
around that single bond.

 • The electron doesn’t stay in that excited state forever; eventually, it finds 
its way back down in energy and reforms the pi bond. But when it does 
this, it has about a 50% chance of reforming the pi bond in the other 
configuration, converting the molecule from cis-retinal into trans-retinal.

 • Because the trans configuration is more elongated than the cis 
configuration, it pushes on the surrounding proteins and triggers them to 
send signals to the neurons of our visual cortex, alerting us that a photon 
was captured.

When you’re creating colors on 
a computer screen, one of the 
schemes you can work in is 

RGB, which stands for red, 
green, and blue. The pixels 

on the screen combine 
these 3 primary colors 

in various ways to 
produce other colors.

Understanding the Quantum World

LECTURE 18  Quantum Mechanics and Color Vision

https://www.thegreatcourses.com/


156

Understanding the Quantum World

LECTURE 18  Quantum Mechanics and Color Vision

How We Perceive Our World
 • The key that unlocks how we perceive our world visually is what color 

photons cis-retinal can absorb. Retinal by itself absorbs in the ultraviolet. 
It’s only when it’s combined with what’s called an opsin protein that the 
frequency shifts into what we know as the visible range.

 • In the rod cells, which we rely on in low-light situations, the combination 
of the opsin with retinal is called rhodopsin. The combination absorbs 
over a range of frequencies, centered around 500 nanometers.

 • In the cone cells, the combination of the retinal with an opsin is called a 
cone opsin. And there are 3 different ones, named by the wavelength of 
light they absorb.

S-cones absorb a range of relatively short wavelengths, centered 
around 419 nanometers, which is the color we call blue or indigo.

M-cones absorb a range of medium-wavelength photons, centered 
around 531 nanometers, which is the color we call green.

L-cones absorb the longest wavelengths we see and have an 
absorption curve peaked at 559 nanometers. This one is known as 
the red cone, because its tail extends into the reddest colors we can 
detect.

In 2001, scientists discovered a fifth type of photoreceptor 
in our retina called melanopsin, because it helps regulate 
the production of melatonin, which makes us sleepy at night. 
Instead of sending signals to the visual cortex, melanopsin 
sends signals that regulate our circadian rhythms.
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 • These absorption curves are rather broad. While this means that the 
photoreceptors in our eyes can respond to a broad range of photon 
frequencies, it’s still true that when the L-cone responds to a photon, it 
sends out a signal to the brain that only says red. And when the M-cone 
responds, it sends out a signal to the brain that only says green. Likewise, 
when a violet- or even a blue-green-colored photon excites the S-cone, 
the only message sent to the brain is blue.

 • This means that ultimately, our perception of color is based off of 3 colors, 
which is why our vision is called trichromatic.

In 2010, the first confirmed case of a woman who is a functional 
tetrachromat was discovered by a team of neuroscientists. The 
4 cones she possesses allow her to discriminate 4 dimensions 
of color, so she sees many more colors than the rest of us!
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The European starling has 3 color cones that are close to our 
red, green, and blue cones, plus a fourth cone, which is firmly 
in the ultraviolet, making these birds tetrachromats. They see 
not only a broader range of frequencies, but 
most likely a vastly greater number of colors, 
because having a fourth color receptor is 
like adding a fourth dimension of 
color to your vision.  
 
Mosquitoes use their infrared vision 
to help them find the warmest spots 
on the human body to bite, 
because the blood is closest to 
the skin there.  
 
A mantis shrimp has 12 
distinct color cones!

READINGS
Casiday and Frey, “‘I Have Seen the Light!’ Vision and Light-Induced 

Molecular Changes.”

Greenwood, “The Humans with Super Human Vision.”

Tilley, Colour and the Optical Properties of Materials, sections 1.10 and 1.11.
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Lecture 19

A Quantum 
Explanation 
of Color

T he sources of color in the world are all due to quantum 
mechanical effects, whether it’s the orange glow of 

a neon sign or the brilliant red of a ruby pendant. Given 
that our eyes themselves depend on quantum mechanics 
to capture the photons, our entire experience of color is 
governed by the quantum world.

Neon Signs
 • There are several sources of light in our everyday lives that are based on 

the quantum phenomena in atomic emission spectra. When we humans 
use atomic emission spectra to engineer light sources, we’re using 
what’s called a gas discharge lamp. In any gas discharge lamp, the 
key principle is to take a gas of atoms and run enough electrical energy 
through the gas so that the atoms become ionized.
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NOBLE GASSES

 • The basic key to lighting a neon sign, for example, is to run 
electricity through a gas like neon that has been trapped 
inside a clear tube that’s usually made of glass. Any gas 
will do, but we tend to stick to noble gases like neon 
because they won’t corrode the electrodes inside the bulb.

Quantum mechanics is 
responsible for how neon 

signs, sodium streetlamps, 
and fluorescent light 

bulbs work. It’s also 
what causes the 

characteristic glow in 
the Aurora Borealis.
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 • If we’re running enough electricity through a gas of neon atoms, we’ll 
be able to strip some electrons off of the atoms. Once this happens in 
the presence of an applied voltage, then the electrons that get released 
will accelerate. And they’ll gain enough speed so that when they whack 
into an atom in the gas, the fast-moving electron will be able to knock 
another electron off of that atom.

 • Now we have 2 electrons that are free, and the voltage will now 
accelerate both of them. As those 2 free electrons pick up speed, 
they’ll eventually get fast enough and energetic enough to where they 
can whack into 2 other atoms and knock an electron from each of 
those atoms.

 • Now we have 4 electrons, which are 
going to get accelerated by the applied 
voltage in exactly the same way. A 
moment later, after they’ve all collided 
with other atoms, we’ll have a total of 8 
free electrons running through the gas. 
This is what’s known as a cascade, or an 
avalanche. When it happens in a gas like 
this, it’s called Townsend discharge.

 • Depending on the exact gas involved and the pressure and temperature 
at which the bulb is operating, it actually takes some engineering to 
make sure that this process doesn’t run away from us entirely. So, any 
time we’re using this process to engineer lighting, there’s a regulator on 
the bulb to keep the current just so. It can’t be too high or too low, or the 
process will either fizzle out or get out of control.

 • Under the right conditions, the electricity we run through the gas ends up 
producing a certain quantity of ionized atoms, sometimes referred to as 
a plasma. The key is that we have lots of free electrons running around 
in the tube, and we have lots of ions running around that are missing an 
electron.

Townsend discharge 
is named after Sir 
John Townsend, 
who discovered the 
phenomenon in 1897.
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 • Now they’re running past each other in opposite directions, because 
of the applied voltage. In any electric field, electrons want to go one 
direction, and positively charged particles like the ions we made by 
taking an electron off of them want to run in the opposite direction.

 • By holding the current just so inside the bulb, we get a steady-state 
situation, and we’ll continually be producing new ions and new free 
electrons. But a lot of the ions and free electrons will also be in the process 
of recombining, all the time, in a steady state. It’s the recombination of the 
electron and the ion to form a neutral atom that produces the light.

 • To understand this, imagine an electron encountering one of the ions.

 • If we had to initially add energy to strip an electron off of that ion—called 
the ionization energy—then it stands to reason that to re-form the atom, 
the electron will have to lose energy.

 • The energy balance is made up when the electron emits a photon. That 
photon carries away exactly the amount of energy required to take the 
electron from the high-energy free state down into one of the energy 
levels corresponding to the bound states of the atom.

 • And there are many different places that the electron 
can land on its way down. Each discrete jump that 
the electron makes between 2 energy levels emits a 
particular, characteristic color of light. This is exactly 
what gives rise to atomic emission spectra.

The reason neon fabrics looks so bright 
is because they’re pulling in ultraviolet 
light that we can’t see and using the 
process of fluorescence to convert that 
light into something that we can see.
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 • The overall color of a neon discharge tube—a tube with the noble gas 
neon inside it—is orange/red. There are many different photons that can 
be emitted as the electron settles down from having been in the ionized 
free state until it forms the ground state of neon. That’s because there are 
several energy levels between the high-energy ionized state and the 
ground state of the atom. And the electron can end up in any number of 
them along the way as it settles into the ground state.

 • The emission spectrum from a neon tube is dominated by yellow, orange, 
and red lines. These are due to a large number of transitions that are 
possible from the 3p excited state to the 3s excited state, and depending 
on what all of the other electrons are doing at the time, this leads to many 
possibilities, ranging in color from 540 nanometers, which is a greenish-
yellow, to 725 nanometers, which is firmly in the red. Altogether, these 
transitions of electrons from 3p into 3s give neon signs their characteristic 
orange glow.

 • When the excited 3s electron finally settles down into the ground state 
(which has a filled 2p shell), that results in ultraviolet emission, which 
is outside of our visible range. The glass tube itself blocks most of the 
ultraviolet radiation (below 300 nanometers) from getting through.

 • Other colors get produced through this 
process by using other noble gases, such 
as helium, krypton, and argon. They all 
work the same way, but the specific color 
generated by each gas is due to that 
gas’s unique set of atomic emission lines. 
When our eyes see that combination, 
we interpret it as the overall color we 
perceive coming from the tube.

What we tend to call 
neon signs can have 
many different noble 
gases inside. Only the 
orange ones actually 
have a gas of neon 
atoms inside them.
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Fluorescent Bulbs
 • If you have fluorescent lighting in your home or office, those bulbs use 

2 separate types of quantum phenomena to produce the light you see. 
They combine gas discharge lamps with fluorescent or phosphorescent 
coatings on the glass.

 • Fluorescent bulbs are actually mercury gas lamps. However, mercury 
lamps emit mostly in the ultraviolet. But don’t worry! Between you and 
all that ultraviolet radiation are 2 important barriers: the phosphorescent 
coating and the glass tube containing it all. Glass is a great filter of UV 
light, and the whole point of that phosphorescent coating is to capture 
the ultraviolet light put out by the mercury gas and convert it into visible 
wavelengths.

 • More modern, trichromatic fluorescent lights use 3 different fluorescent 
compounds, each designed to capture the ultraviolet light that the 
excited mercury gas emits and convert it into visible red, green, and blue 
light. The 3 types of fluorescent coatings are each from the lanthanoid 
series in the periodic table of the elements, and the electronic transitions 
that emit visible light come from transitions involving the 4f atomic orbitals 
of these lanthanoid atoms.

LANTHANOIDS

https://www.thegreatcourses.com/


165

 • The key to all fluorescent and phosphorescent materials is that they 
absorb light of one energy and emit light of a lower energy. This can 
happen whenever there are several tightly spaced energy levels in the 
higher energy range as well as several tightly spaced energy levels in 
the lower energy range.

 • Typically, absorption of a high-energy photon takes place as electrons 
move from the bottom of the lowest energy levels to up near the top 
of the highest energy levels. So, they’re taking in light of high energy, 
which is more on the blue or purple side of our visible range, or in the 
ultraviolet range.

 • Imagine that excited electron in those tightly spaced, high-energy levels. 
When the levels that the electron can access are close enough in energy 
and the atom in question is not isolated, but rather is inside a material, 
then there are other ways for the electron to give off energy to hop 
down between the tightly spaced energy levels other than by just giving 
off a photon. Inside a material, this excess energy can be given off as 
vibrations of the atoms in the material, which ultimately get converted 
into heat.

 • So, the excited electron gives off some of its energy to vibrations of the 
surrounding material as it moves down to the bottom of the higher set of 
energy levels. Then, once it reaches the bottom, it can drop down to the 
top of the lower set of closely spaced energy levels.

 • When it makes a big jump in energy like 
that, it has to give off a photon of light. But 
then, once it’s down in those lower energy 
levels, the electron once again gives off 
some of its energy as vibrations of the 
material as it maneuvers its way down 
to the bottom of the lowest set of energy 
levels, at which time it’s ready to start the 
whole process again.

The most common 
way that quantum 
mechanics affects 
your everyday 
life is in the 
colors you see 
all around you. 
They’re all due to 
quantum effects.
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 • So, the key is that materials can absorb photons at one energy and 
then emit photons of a lower energy through this process. If the process 
happens more or less instantaneously according to our perception, it is 
called fluorescence. If the process takes about a tenth of a second or 
more, it is called phosphorescence. Either way, the principle is the same.

Transition Metals, Gems, and Pigments
 • All the colors around us are produced by how electrons interact with 

light. The exact color you see will depend a lot on what color the 
material absorbs. For example, a material that absorbs red will reflect 
back to your eye green light and blue light and it’ll appear to be bluish-
green. A material that absorbs blue will reflect back to your eye red and 
green light, which our vision system interprets as yellow.

 • Exactly which colors get absorbed 
depends on the quantum states that 
the electrons are taking inside a 
material and which color photons are 
absorbed by transitions between those 
quantum states. The transition metals 
are in the middle of the periodic table, 
and they have partially filled d shells.

Any color can be produced by putting different transition 
metal ions into different chemical compounds. 
 
Pure corundum—a mineral made of aluminum and oxygen—
is colorless, but if you add some of the transition metal 
chromium to it, then you get a lovely red ruby. In a ruby 
crystal, roughly every 200th aluminum atom has been 
replaced with a chromium atom.

TRANSITION METALS
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 • If you have a chunk of pure metal, such as copper or gold, it usually 
looks shiny because of all the metallic electrons. But when you take a 
transition metal and put it inside an insulating chemical compound, one 
that’s not shiny or metallic, the colors you see are dominated by those 
d-shell electrons of the transition metal ion.

 • And it’s transitions within these d shells that cause beautiful colors. They’re 
responsible for the many different colors of soda-lime glass, gems and 
minerals, and pigments that get used in a variety of applications. The 
exact color that’s produced will depend on exactly which visible colors 
are absorbed by the pigment. That’s mostly going to depend on which 
transition metal is used and what its oxidation state is—that is, how many 
electrons the metal has given up to the surrounding compound it’s in.

READINGS
Sansonetti and Martin, “Handbook of Basic Atomic Spectroscopic Data.” 

Tilley, Colour and the Optical Properties of Materials, chap. 7 and 
section 9.4.
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Lecture 20

Quantum 
Tunneling

Q uantum tunneling is a strange phenomenon whereby 
a quantum particle can suddenly appear on the 

other side of a barrier that it encounters. And it has important 
applications in our everyday world; it’s used in devices such 
as memory sticks, solid-state hard drives, and smartphones.

The Classical Roller Coaster
 • Think about a roller coaster that has only one place where a motor is 

used to raise the roller coaster up. So, it has only one lift hill, right at the 
beginning of the roller coaster. After the coaster has been pulled up the 
lift, it is going to work purely by gravity. It just rolls down the hills, and if it 
has enough kinetic energy, it can make it back up the hills that come next.

 • Also imagine that this roller coaster doesn’t have any friction. There won’t 
be any energy loss due to friction between the wheels and the track or 
between the wheels and the axles.
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 • When the roller coaster first gets pulled up the lift hill, it’s at its highest 
point, and that point sets the total energy that will be in this system while 
the roller coaster’s going on its track. To be precise, at the highest point, 
the coaster’s gravitational potential energy is at its maximum value. And 
that value is equal to the total energy that the coaster will have for the 
rest of the ride.

 • Next, let the roller coaster start down the first hill. As it rolls down the hill, 
it converts potential energy into kinetic energy.

 • The amount of gravitational potential energy at any spot along the track 
is controlled by the height of the track. At any point on the track, the 
gravitational potential energy is equal to the mass of the coaster times 
the acceleration due to gravity times the height of the track at that point.

PE = mgh

 • As the coaster rolls down the first hill, it is converting gravitational 
potential energy into the kinetic energy of motion—which is 1/2 times the 
mass times the square of the velocity.

KE = mv2

Understanding the Quantum World
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 • Let’s let the coaster get to the bottom of the first hill; let’s let the bottom 
of the hill actually touch the ground before it goes back up. Right at 
that touch point, the height of the coaster is zero, which means there’s 
no gravitational potential energy left. The energy is entirely kinetic at 
this point, because the coaster has traded all of its potential energy for 
kinetic energy.

 • With that kinetic energy, the train can move up the next hill, and the 
whole time it does so, it’s trading in its kinetic energy and turning it into 
potential energy once again. The roller coaster will be able to make it 
over the next hill as long as that hill is not as tall as the hill the coaster 
started out on.

 • One of the features of this system is that there’s no loss of energy. That’s 
because we made it a frictionless system. This means that the total 
energy in the system is constant at all times. The total energy is equal to 
the kinetic energy plus the potential energy at every spot.

 • If we plot the total energy, it’s a straight, horizontal line. The plot of the 
potential energy is exactly the same as the plot of the track itself. The 
kinetic energy is the total energy minus the potential energy at every spot. 
This means that a plot of the kinetic energy looks just like the potential 
energy, except that it’s flipped upside down.

 • The total energy is a constant, but the potential and kinetic energy can 
trade. And the coaster will always be able to make it over the next hill 
as long as that hill is not as high as the first hill at the top of the chain lift.
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 • But if we put a hill later in the track that’s higher than the first hill, then as 
the coaster moves up the hill, it’s converting kinetic energy into potential 
energy, but there’s only so much energy to go around. At some point, the 
coaster runs out of kinetic energy and stops moving. This happens when 
the coaster is at a height that exactly matches that of its original starting 
point. At that point, the roller coaster stops moving and then reverses 
direction and heads back down the hill, and then back up and over all 
the previous hills in reverse order, until it returns to the starting point.

The Quantum Roller Coaster
 • What changes when we consider a quantum mechanical roller coaster? 

Let’s use the same track, but the only difference is that the roller coaster 
is now a quantum particle.

 • Just like the classical roller coaster, the quantum coaster spends more of 
its time near the tops of the hills than it does near the bottoms of the hills. It 
does this because it’s moving more slowly as it goes over the top of a hill, 
where it has low kinetic energy, than it does at the bottom of a hill, where 
it has higher kinetic energy and therefore higher speed.

 • What happens when the quantum coaster encounters the hill at the end 
that’s larger than the starting hill? As it heads up the hill, it loses kinetic 
energy until it reaches the same height as the starting hill, where it runs 
out of kinetic energy altogether—just like the classical case.

 • But here’s the twist: There’s a chance that this quantum 
coaster won’t head backward when it runs out of kinetic 
energy. Usually it will do that, but sometimes the roller 
coaster will just appear on the other side of the hill 
and start rolling down again on the other side!

 • It’s as though the particle has access to some 
tunnel through the hill that we can’t see. 
And that’s why this phenomenon is called 
tunneling.

Understanding the Quantum World
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The Wave Roller Coaster
 • To understand how the quantum coaster can do this, we have to switch 

from the particle picture to the wave picture. (Remember: Quantum 
particles are waves, and waves are particles.)

 • A roller coaster is traveling, and traveling waves in quantum mechanics 
take a very special form. They look like a corkscrew. In a flat part of the 
coaster’s track, the amplitude, or overall size of the wave, is the same 
throughout the flat region, but the phase winds around as the coaster 
moves forward. So, if we were to look at this corkscrew on end with 
the roller coaster headed straight toward us, we would see the wave 
is tracing out a circular path as it heads toward us, just like a helix or a 
corkscrew.

 • If we think of mapping that to the position of a hand winding around 
a clock face, then we’ll see that it maps back to the phase of quantum 
mechanical waves you’ve seen previously. So, these corkscrew-shaped 
traveling waves don’t have any nodes, but the phase winds around as 
they move through space.
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In a region where the track is flat, the corkscrew has some sort of pitch to 
it. In other words, just like a regular screw, there is some distance in going 
from one turn to the next. That’s called the pitch. That distance from one 
turn to the next—that pitch—is now the repeat distance of this wave. And 
the repeat distance of the wave is its wavelength. 
 
The kinetic energy sets the momentum, and then the momentum sets the 
pitch of this corkscrew, which is its wavelength. 

 
If we look at a flat region 
of the track that’s high up 
in the air, then the potential 
energy is high and the 
kinetic energy is low. Small 
kinetic energy means a 
small momentum. And 
small kinetic energy and 
low momentum correspond 
to a long wavelength. 
 
Let’s contrast this with what 
a corkscrew looks like near 
the bottom of the hill. A 
section of the track that’s 
flat but at a low height has 
low potential energy but 
high kinetic energy. High 
kinetic energy translates 

into high momentum, which means a short wavelength. In the lower 
region, the wave looks like a corkscrew that has a very tight pitch. It’s 
spiraling very quickly.  
 
You could make an analogy between how the waves behave in these 
2 regions of track and the energy level of a small child. A kid who’s 
pretty hyper is wiggling around a lot and has a lot of kinetic energy, 
like the region of the track where the corkscrew is wound up tightly. But 
a kid who has low kinetic energy is more relaxed, and the wavelength 
stretches out. In that case, the corkscrew is not tightly wound.
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 • We can see why these are traveling waves once we include the physics 
of the time-dependent Schrödinger equation, which requires that the 
phase of the wave advance in time with a rate that’s proportional to the 
energy of the state. This says that there is a phase factor that’s always 
advancing in time; it’s always sweeping around like the hand of a clock. 
Schrödinger’s equation says that the rate at which the phase sweeps out 
depends on the total energy of the wave.

 • In this frictionless system, the total energy of the coaster at any spot in 
space is the same. So, imagine all the phases at each spot in space 
continually advancing like the hand of a clock. This causes the spirals 
to rotate in time—and the wave advances! We can think of the physics 
of the time-dependent Schrödinger equation as being like a drill that’s 
spinning the screw and driving it forward.

 • The wave picture can also help us see that the coaster spends more time 
at the tops of hills than at the bottoms of hills.

 • In a region of high potential energy, which is near the top of a hill, the 
wave has low kinetic energy. The low value of kinetic energy corresponds 
to a small value of momentum, which means that in regions near the top 
of the hill, the corkscrew is a long, gentle spiral. In addition, the amplitude 
of a corkscrew is larger in these regions.

 • That goes along with our intuitive analogy of thinking of these waves that 
have low kinetic energy as being relaxed. It’s like a lazy spiral at the top 
of a hill.

 • If we now think of an area where the track is flat but the potential energy 
is low, that corresponds to a region at the bottom of a hill. In these 
regions, the kinetic energy is large, so the pitch of the screw is tightly 
wound, like a hyper kid, and its amplitude is smaller in those regions. The 
coil gets denser and tighter at the bottom of a hill.
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 • Remember that the amplitude of the wave tells us how likely we are to find 
the particle in that spot. Because the wave has higher amplitude near the 
tops of the hills and lower amplitude near the bottoms of the hills, we’re 
more likely to find the particle near the tops of the hills, where it’s moving 
slowly, than at the bottoms of the hills, where it’s moving more quickly.

In the wave picture as well as in the particle picture, the 
quantum roller coaster will spend more time near the tops 
of the hills than near the bottoms of the hills. Moreover, it’s 
moving fastest at the bottoms of the hills.

Back to the Classical Coaster
 • Remember that the height of the track at any spot represents the 

gravitational potential energy of the track at that spot. The wiggling of the 
wave is centered around zero, but let’s shift the wave up so that it’s wiggling 
about a line that corresponds to the total energy of the particle. That will 
help us visualize whether the particle can get over certain hills or not.
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 • So far, we’ve considered the shapes that the corkscrews take in flat 
regions of track. But we can also use those ideas to build up what 
happens when we have a track that’s varying in height. The pictures 
we developed for the flat track will still apply, as long as the pitch of the 
waves stays short compared to how quickly the track changes its height.

 • Let’s put it all together on the classical roller coaster track. At the bottom 
of the first hill, the particle is moving quickly, so the corkscrew is tight 
and dense. Then, near the top of the next hill, the particle has less 
kinetic energy, and the corkscrew appears to unwind. At the next dip, 
the corkscrew tightens a little, but not as much as it did at the first dip 
because it’s not as low.

 • If we continue this trend down the track, the whole wave looks like a 
corkscrew that’s getting denser and tighter near the bottoms of hills and 
a corkscrew that’s getting looser and more spread out at the tops of hills. 
And as long as the height of the track varies gently, the change from one 
type of corkscrew to the next is also smooth.

 • When we add the time dependence required by the Schrödinger 
equation, that’s like adding a drill to the back end that turns the entire 
wave all at once as though it really were a rigid corkscrew spinning due 
to the driving action of a drill.
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 • The reason it’s acting like a rigid, turning screw is because energy is 
conserved in the system, so the particle always has the same total 
energy throughout the motion. The time dependence of the Schrödinger 
equation says that the phase has to rotate in time, and that frequency is 
always set by the total energy, independent of how much of that total 
energy is kinetic or potential at any given instant in time.

The Quantum Coaster at the 
Classical Turning Point
 • Let’s send the quantum roller coaster toward a hill that’s too high for a 

classical coaster to get over. As the coaster moves up the hill, it keeps 
losing kinetic energy until it runs out of kinetic energy at the classical 
turning point. Does the quantum coaster also reverse directions at this 
point and roll back down the hill?

 • Most of the time, the quantum coaster does do this. But sometimes it 
does not!

 • Let’s pretend it’s possible for the particle to be inside the hill. If the 
particle’s wave extends even the tiniest amount inside the hill, it could 
happen. So as long as the wave does not abruptly go to zero at the 
classical turning point, there’s a tiny chance the particle will get inside 
the hill.

 • Let’s assume this might be the case here. To make all this work out, if 
the particle goes inside the hill, it has to have a negative kinetic energy 
inside the hill. And here’s what happens to the wavelength:

λ   = imaginary number

 • The square root of a negative number is an imaginary number. This 
means that the wavelength of the wave turns into an imaginary number. 
And this fundamentally alters the character of the wave.
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 • Inside the hill, the wave can no longer be a corkscrew shape. But if 
we take a corkscrew and put in an imaginary wavelength, it turns into 
what’s called a decaying exponential. And at that point, we no longer 
talk about a wavelength, because there’s no longer a repeat distance.

 • Instead, we talk about a penetration depth, 
which characterizes how quickly the 
wave falls off in that region. If the 
penetration depth is short, the 
wave will decrease in amplitude 
very quickly inside the hill. But if 
the penetration depth is large, 
then that exponential tail of the 
wave can reach into the hill a 
longer distance.

 • The upshot is that the wave does not disappear abruptly when it gets to 
the classical turning point. Instead, it fundamentally changes its shape 
from corkscrew into a decaying exponential. It takes on the character of 
a wave that has negative kinetic energy. It’s no longer a traveling wave.

 • Instead, these waves are evanescent. The key property of them is that the 
amplitude plummets like a rock. The falloff of the wave in this region is an 
exponential falloff. Because the wave function does not go immediately 
to zero but has an exponential tail that leaks into the hill—out to about 
the penetration depth—this means there is some amplitude of the wave 
inside the hill. The wave is small, but it’s there.

 • This is the piece that’s responsible for the fact that the particle can tunnel 
to the other side.

 • As long as the barrier is not wide compared to the penetration depth, 
then the exponential tail that leaks through can make it to the other side. 
And then, once the wave reaches that part, it has a positive kinetic 
energy again, turns back into a corkscrew-shaped traveling wave, and 
continues on.
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 • However, the amplitude of this corkscrew on the other side of the hill is 
tiny. That’s because the amplitude of the wave has to match up at every 
spot in space. So, the starting amplitude for this corkscrew is whatever 
tiny bit leaked through the hill. This means that we do have a chance of 
finding the particle on the other side, but it’s typically very small.

READINGS
Griffiths, Introduction to Quantum Mechanics, section 2.5.1 and chap. 8. 

Nave, HyperPhysics, “Barrier Penetration,” http://hyperphysics.phy-astr.gsu.
edu/hbase/quantum/barr.html#c1. See also the section on alpha decay 
http://hyperphysics.phy-astr.gsu.edu/hbase/Nuclear/alptun.html.
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Lecture 21

Fermions and 
Bosons

T here are 2 categories of particles in the universe: 
fermions and bosons. Fermions are named after the 

Italian physicist Enrico Fermi, while bosons are named after 
the Indian physicist Satyendra Nath Bose. You can tell which 
type of particle is which by how much intrinsic angular 
momentum it carries, which is how much spin it has.

Fermions
 • Electrons are fermions. The other components of atoms—protons and 

neutrons—are also fermions.

 • Electrons have a spin of 1/2ℏ, which is Planck’s constant (h) divided by 2π.

 • Electrons have 2 types of angular momentum that are analogous to the 
Earth’s momentum as it goes around the Sun.

One of the types of angular momentum that the Earth has is its orbital 
angular momentum as it orbits around the Sun about once a year. 
Electrons also have this kind of angular momentum as they zoom 
around atomic nuclei.
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The second type of angular momentum that the Earth has is due to 
the fact that the Earth is spinning on its axis, which it does once a 
day. Electrons do something similar, in that they carry an intrinsic 
angular momentum, as though each electron were spinning around 
an axis that goes straight through it. This type of angular momentum 
is called spin.

 • But there is no classical analog to the crazy way that an electron spins. 
One of the ways it’s strange is that every time we measure it, no matter 
which axis we choose to measure it with respect to, it’s always spinning 
about that axis!

 • The Earth does not do this. The Earth spins about an axis going through 
the North Pole, but if we took a different axis that went through, say, the 
equator and the center of the Earth, the Earth is definitely not spinning 
about that axis.

 • Yet electrons seem to do this for every axis we check them on! 
They’re always spinning around that axis. And we always find that 
the electron has the same magnitude of intrinsic angular momentum: 
either +1/2 ℏ or −1/2 ℏ angular momentum with respect to the axis we 
measure. The + or − corresponds to the electron spinning clockwise or 
counterclockwise around the axis we measure.

 • And it is this magnitude of the intrinsic angular momentum that is tied 
to whether the particle is a fermion or a boson. Particles that have 
half-integral spin—so they come up in ±1/2 ℏ, or ±3  ℏ, or ±5  ℏ—are all 
fermions. And fermions obey the Pauli exclusion principle; they can’t do 
the same thing at the same time.

 • On the other hand, bosons are particles that have integral spin. These 
might have 0 intrinsic angular momentum, or ±1 ℏ of angular momentum, 
or ±2 ℏ, etc. Any particle in that category is called a boson. Bosons do 
not have to obey the Pauli exclusion principle; this is why particles that 
are bosons can do the exact same thing at the same time. This means 
they can sit right on top of each other at the same time.
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 • This Pauli exclusion principle is what we’ve been using to build up the 
structure of electrons in an atom. For example, when we fill up an atom 
with electrons, for an atom in its ground state, we start by putting one 
electron with spin up into the 1s state. The next electron can also go into 
the 1s state, but only if its spin is pointing down.

 • As long as the spins are oppositely oriented, that’s fine; they’re not doing 
the same thing at the same time then. But if there is a third electron to put 
on that atom, it can’t go into the 1s state. That one already has a spin-up 
and a spin-down electron in it. So, this third electron has to go into the 2s 
state. This is the Pauli exclusion principle, and all fermions have to obey it.

 • Think about what life would be like if electrons did not have to obey 
the Pauli exclusion principle. In that case, we could just pack all of the 
electrons into an atom’s 1s state because that’s the lowest energy state.

When you clap your hands, why can’t you 
merge your right hand with your left so 
that they’re both in the same spot at the 

same time? 
 

It’s quantum mechanically forbidden for the 
electrons in your left hand and the electrons 
in your right hand to be doing exactly the 
same thing at the same time. And if they sit 
right on top of each other, that’s definitely 
doing the same thing at the same time. 
 

Your hands are made of fermions, 
which obey the Pauli exclusion 

principle, which means they 
cannot occupy the same 
state at the same time.
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 • So, without the Pauli exclusion principle, most of the atoms around us 
would have all of their electrons crammed into the 1s state. There would 
be no chemistry to talk about. And if there’s no chemistry, then chemical 
bonds can’t form, which means that molecules, and solid materials, 
and even life itself can’t be made. Life can’t exist without structure and 
chemical reactions.

 • What causes this connection, such that 
particles that have half-integral spin are 
fermions and obey the Pauli exclusion 
principle and particles that have integral 
spin are bosons and don’t obey the Pauli 
exclusion principle?

 • It goes back to a theorem derived by 
Wolfgang Pauli in 1940. He arrived at 
the idea as a consequence of relativistic 
quantum mechanics, meaning that 
special relativity has to be invoked to 
get the result. It’s a very complicated 
derivation—so much so that Richard 
Feynman pointed out that this seems 
to be one of the rare cases in physics 
where we can state the result in a simple 
manner, but we can’t state the reason in a simple manner. And his opinion 
was that this might mean that we don’t have a really deep understanding 
of why it happens yet.

 • Regardless, we can certainly take the idea empirically. When we look 
at nature, we always observe that particles that have half-integral spin 
obey the Pauli exclusion principle and particles that have integral spin do 
not. No one’s ever observed a violation of this. In fact, scientists are in the 
business of describing what nature actually does, so in this case, moving 
forward with what the evidence tells us actually happens in nature is the 
way to go.

Bosons have 
integral spin, and 
they can occupy 
the same space at 
the same time. This 
feature of bosons 
can be harnessed to 
create new phases 
of matter, such as 
superfluids, and 
new technologies, 
such as lasers.
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Rotating an Electron’s Wave Function
 • Another strange consequence of all this shows up when we take an 

electron and rotate its wave function.

 • When we think of taking the total state of the electron—which includes 
the spatial shapes of its waves and the spin—and rotating it, very strange 
things happen!

 • Think, for example, about rotating an electron by 360°. For every object 
you’ve ever picked up, if you rotate it by 360°, it comes right back to 
where it started. If you take a ball and put an X on it, then rotate the ball 
by 360°, the X will come back to where you started.

 • But electrons—and all fermions—do something very strange: If you take 
an electron, including the spin as well as the spatial shape of its wave, 
and rotate that whole thing by 360°, you get back what you had before 
times a minus sign. This means that by reaching in and physically making 
an electron turn by 360°, rather than getting back the exact same wave, 
we get back the wave we had before, times a minus sign.

 • There’s nothing else we have experience with that does this. If we take a 
ball and turn it around by 360°, the ball comes back to exactly the same 
state it started in. But if we take an electron and do the same thing, the 
total wave of the electron gets multiplied by a minus sign compared to 
its starting state.

 • The electron gains one minus sign every time you rotate it by one full 
turn, so if you rotate the electron by 2 full turns, you’ll get 2 minus signs. 
A minus sign times a minus sign equals a plus sign, and then the wave 
comes back to itself. So, you have to turn an electron around twice to 
get it back to the state it was originally in. Big, classical objects like balls 
don’t do this!
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Bosons
 • Unlike fermions, bosons don’t have to obey the Pauli exclusion principle; 

in other words, these particles can do the same thing at the same time.

 • A laser pointer is a device that pumps a lot of bosons into the same state 
at the same time. That’s because photons are bosons.

 • A photon is 1 quantum of an electromagnetic wave. We can think about 
either the wave picture or the particle picture. Really, photons are both 
at the same time. But when we’re thinking about the particle picture, we’ll 
call it a photon.

 • The wave that corresponds to a photon is an electromagnetic wave, 
which involves an electric field that’s oscillating in space and time as well 
as a magnetic field that’s oscillating in space and time.

 • The physics that governs electromagnetism is encapsulated in Maxwell’s 
equations, which tell us how an electromagnetic wave propagates.

 • Maxwell’s equations say that as an 
electric field increases anywhere 
in space, it generates a magnetic 
field at that point as well. And then, 
as the magnetic field changes, it 
generates an electric field. So, the 
2 kind of fishtail around each other 
and alternately reinforce each other, weaving together into a wave that 
keeps going by itself. That’s because if there is a waving electric field, it 
generates a waving magnetic field, and vice versa, so the weave can 
just travel in space on its own.

 • The number of photons in that electromagnetic wave controls the overall 
strength of the electric field in the wave. For example, if we have one 
photon in the wave, the electric field is very weak in the wave. As we 
add more and more photons into that wave mode, then the overall 
strength of the electric field increases.

Maxwell’s equations are 
named for Scottish physicist 
James Clerk Maxwell.
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 • And because photons are bosons, we can pack as many photons as we 
like into the exact same electromagnetic wave. And the more photons 
we pack into the wave, the stronger the electric and magnetic fields get 
in the wave, and the more intense the light gets.

 • This is the basic principle that allows a laser to work. The reason the light 
coming out of a laser is so intense is because all of the photons coming 
out are in the exact same quantum mechanical state at the same time. 
Because photons are bosons, they can do that.

Engineers have invented many different types of lasers, and 
they all work by the same principle, but they use different 
means to prepare the atoms in the excited state. Depending 
on the atoms involved, different colors can be produced, and 
now a wide variety of laser frequencies are available.

READINGS
Feynman, Leighton, and Sands, The Feynman Lectures on Physics, vol. 3, 

chap. 4. 

Tilley, Colour and the Optical Properties of Materials, section 1.9.
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Lecture 22

Spin Singlets and 
the EPR Paradox

A lbert Einstein and his colleagues Boris Podolsky and 
Nathan Rosen put forth a paradox, known as the EPR 

paradox, originally published to argue that quantum theory 
is an incomplete theory. The authors granted that quantum 
theory must contain some truth, because it’s so successful 
in explaining experiments, but they argued that because it 
deals with so many things only at the level of probabilities, 
there must be something missing from the theory. As a 
way of pointing out what they thought was a logical flaw 
in the Copenhagen interpretation of quantum mechanics, 
Einstein, Podolsky, and Rosen put forward an idea for a 
thought experiment. One main target of this experiment was 
the idea of wave function collapse, which is central to the 
Copenhagen interpretation.
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Wave Function Collapse
 • Wave function collapse is the idea that when we take a measurement, 

the system we’re measuring snaps suddenly and uncontrollably into a 
new state, and that it makes this change instantaneously; that is, at the 
end of the measurement process, the particle should be left in a state 
that is an eigenstate of the measurement that happened. It needs to 
be left in a pure state of the type of question that was asked. And the 
wave function collapse idea is that the wave changes instantaneously 
throughout all of space as a result.

 • This doesn’t seem too bad if we’re thinking about a wave that’s only a 
tiny part of space. But when we think about the consequences of that 
idea for waves that are rather large in extent, we can see what made 
Einstein, and a lot of people, uncomfortable.

 • The idea of wave function collapse says that even if we have a 
wave that’s wiggling over a large region of space and we have a 
measurement device that only interacts with the wave in a tiny region of 
space, then at the end of the measurement process, the entire wave has 
suddenly changed into the new state, even though the measurement only 
interacted with a small part of the wave.

 • In lecture 3, we illustrated the idea of wave function collapse by considering 
a particle in the quantum living room. We put the quantum mechanical 
particle into a superposition state that was 30% in the ficus tree and 70% 
on the couch. Once we prepared the particle in that state, we talked about 
how we then had a 30% chance of finding the particle in the tree and a 
70% chance of finding it on the couch when we went to look for it.

 • A key concept concerning wave function collapse is that the answer we 
ultimately find in the experiment must be reflected in the probabilities that 
apply to the particle’s state before we make the measurement.

 • For example, with 30% on the tree and 70% on the couch, we will always 
find the particle either on the couch or on the tree. We will never find it 
on the ceiling, because that was not in the starting wave function.
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 • One of the reasons that Einstein objected to the idea that a measurement 
in one part of space could cause an instantaneous change of this wave 
everywhere all at once is because it appears to violate special relativity. 
The theory of relativity tells us that there is a hard speed limit in the 
universe: Particles may not travel faster than the speed of light in vacuum. 
And as far as we’ve been able to test this experimentally, it’s always right.

 • In order to make this dilemma clear, Einstein, Podolsky, and Rosen 
proposed something like this: Prepare this state where the particle is 30% 
in the tree and 70% on the couch, but now move the tree to 
the Moon and leave the couch on Earth with us. 
Now, if a scientist on the Moon goes to measure 
the particle and finds that it’s in the tree, 
that means that those of us who are on 
Earth have zero chance of finding the 
particle on the couch when we go 
to look for it.

 • In other words, if the astronaut on 
the Moon finds the particle in the 
tree, then it is definitely not on the 
couch on Earth. But that means that 
at the end of the measurement on the 
Moon, the part of the wave that’s on Earth with us 
must have instantaneously had its amplitude 
go down to zero. And if that’s the case, 
then some influence must have 
propagated across that large 
distance at a speed that’s 
greater than the speed of 
light—which seems to 
violate special relativity.
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Singlet States
 • In their original paper in 1935, Einstein, Podolsky, and Rosen framed their 

paradox in a slightly different way. They pursued what quantum theory 
predicts if we let 2 particles interact briefly, then separate them to prevent 
them interacting anymore, and finally measure the position or momentum 
of one of the particles of the pair. They claimed that under the orthodox 
Copenhagen interpretation, measuring position or momentum of, say, the 
first particle inexplicably changed the state of the second particle, even 
though they were far enough apart so as to not interact.

 • But David Bohm, in his book Quantum Theory, proposed a much crisper 
version, which relies on an entangled state of 2 particles known as the 
singlet state. This version is called the Einstein-Podolsky-Rosen-Bohm 
paradox.

 • Let’s take 2 particles that each have a spin of 1/2. To be concrete, let’s 
think about electrons. In the entangled state known as a singlet, the key 
is to have the spin of the 2 electrons anticorrelated.

 • We need to put them into some sort of state where if we find one electron 
that is spin-up, we know for sure that the other electron is going to be 
spin-down along the same measurement axis. To have a true singlet 
state, we need something where we are always guaranteed to find that 
the electrons are antiparallel.

 • We have to take the state where one electron is spin-up and the other 
electron is spin-down and subtract that from the state where the spin 
directions are reversed. If we do this, we’re guaranteed to always find 
that the spins are antiparallel when we measure them, no matter which 
measurement axis we choose—whether it’s the z-axis, the x-axis, or the 
y-axis.

 • What we’re talking about is making a superposition state between 2 
different spin configurations. So far in this course, we’ve only discussed 
superposition states that involve the spatial extent of the wave function, 
but the total state of a particle also involves information about which 
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direction the spin is pointing. So, in quantum mechanics, it’s perfectly 
fine to talk about making superpositions of different spin configurations 
as well.

 • The key to forming the anticorrelated state we need for Bohm’s version 
of the EPR paradox is to subtract up/down from down/up, which ensures 
that the spins will always be antiparallel. It turns out that if we do this 
where we reference things to the z-axis, then we get the exact same state 
as if we had referenced it to any other axis.

 • Because we always reach the same state by this method, this state 
is called a singlet: It is the one and only state in which the spins are 
perfectly anticorrelated along every axis. It doesn’t have a particular 
direction in space. Whatever these 2 spins are doing, they are always 
and forever antiparallel.

 • How would we go about forming a true singlet state?

 • We take some elementary particle that has no spin associated with it 
and let it decay into 2 particles that each carry a spin of 1/2. Conservation 
of angular momentum requires that the 2 particles that are the result of 
this decay process must be in a spin singlet state. There’s no other option.
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 • One way to do that is by the decay of the neutral pion, which decays 
into an electron and a positron, each of which have a spin of 1/2. But 
because the pion has a spin of zero, the electron and positron that come 
away from this decay process have to be in a spin singlet state. On top 
of that, the electron and positron will fly off in opposite directions, so we 
can get an entangled spin state involving 2 well-separated particles.

 • Here is the key to the Einstein-Podolsky-Rosen-Bohm paradox: Let these 
2 particles created by the decay of the pion fly away as far apart as 
we like—a meter apart, 10 meters apart, or a light-year apart—before 
we measure their spins. Quantum mechanics predicts that 2 detectors 
placed any distance apart will always observe that the spins are 
oppositely aligned.

 • So, let’s say that we get the International Space Station in a position 
between Earth and the Moon. And from the space station, we let this 
pion decay, sending the positron toward the Moon and the electron 
toward us on Earth.

 • Think about what it would be like when we go to measure the spin of the 
electron that makes it to the Earth: We have a 50% chance of finding it 
either up or down. Once we measure it—let’s say we find out that it is 
up—then we know with 100% certainty that when the scientists on the 
Moon measure their positron along the same axis, they will find that it 
has spin down.

 • This is what Einstein called “spooky action at a distance.” In his view, 
there must be some hidden variables in the singlet that quantum theory 
can’t access. On that hidden variable view, the way to resolve the 
paradox is to claim that both the electron and the positron really did 
have a well-defined spin before we measured them. In other words, the 
electron had spin up and the positron had spin down from the moment 
the pion decayed and they came into being. This is called the realist 
position. And that goes against the Copenhagen interpretation.
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Bell’s Theorem
 • For decades after the EPR paper, many scientists worked out various 

types of hidden variable theories to try to make quantum mechanics into 
a more complete theory. Then, in 1964, John Bell made a proposal about 
how to actually test whether the hidden variables really exist.

 • He said the way to test this is to set up an experiment such that scientists 
measuring the electron and the positron in different locations each have 
a Stern-Gerlach apparatus that can detect spin direction: We orient the 
device along a particular axis, say the z-axis, and then it sends particles 
that have spin up with respect to the z-axis into one bucket and sends the 
down spins into another bucket.

 • Let’s apply Bell’s idea to the hypothetical scenario involving the 
International Space Station. The nuance Bell adds is that right before we 
take a measurement with a Stern-Gerlach apparatus, both we on Earth 
and the scientists on the Moon must randomly choose which axis we 
measure the spin along the instant before we measure.

 • So, a local hidden variable theory would say that both the electron that 
is sent to us and the positron we just sent to the Moon already have well-
defined spins before they get to their respective measuring devices.

 • By contrast, the Copenhagen interpretation would say that they do not 
have well-defined spins before they get to the devices; the only thing 
about the spin that is defined is that they are oppositely aligned because 
they’re in this singlet state.

 • It turns out that the 2 cases have very different statistics to them. And 
John Bell did the math to derive his famous theorem, which relates the 
probability of our measurements on Earth being correlated with the 
measurements on the Moon under the 2 cases.

 • So, we do this experiment many, many times on Earth and compile a list 
of the axes along which we measure the spin and the answers we get. 
Meanwhile, the scientists on the Moon do the same thing. Then, we meet 
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up and calculate the correlations in our list. If we find a violation of Bell’s 
theorem, that falsifies the idea of a hidden local variable theory.

 • Several of these measurements have, in fact, been done, and they 
always find a violation of Bell’s theorem. This means that the electron 
and the positron do not have well-defined spins individually until 
someone measures them. The results are entirely consistent with the idea 
of instantaneous wave function collapse contained in the Copenhagen 
interpretation.

 • It is still possible to think of constructing a nonlocal hidden variable 
theory. For example, David Bohm himself proposed such an idea, often 
called pilot-wave theory, that makes all of the same predictions as the 
standard quantum theory, so it’s not yet clear how we could run an 
experimental test to distinguish the 2.

Superluminal Influences
 • So, when we make measurements on a spin singlet that’s been far 

separated, there is no hidden script that each particle follows that tells 
it what to do. That would be a local hidden variable theory. And so far, 
the Copenhagen interpretation of instantaneous wave function collapse 
is consistent with all known experiments. But perhaps what bothers us 
the most is thinking about how it’s possible that this wave function can 
collapse instantaneously over such long distances without violating the 
special theory of relativity.

 • Relativity tells us that no particle can travel faster than the speed of light 
in vacuum—but it also implies that energy cannot travel faster than the 
speed of light, nor can information.

 • So, the crucial test of whether wave function collapse violates the special 
theory of relativity is whether or not we could use it to send a message 
faster than the speed of light.
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 • In the International Space Station thought experiment—where we had 
the pion decay, sending an electron down to us on Earth and a positron 
toward our collaborators on the Moon—as soon as we on Earth made 
a measurement, we knew what the scientists on the Moon would get if 
they happened to have their Stern-Gerlach device pointing on the same 
axis as ours.

 • The question is this: Can we use this physics to send a message faster 
than light speed? If we can, that would violate special relativity.

 • The problem is that we have no control over the answer we get in the 
measurement, and neither does the other experimenter on the space 
station. Because we have no control over the measured outcome, we 
can’t use the singlet to send information faster than the speed of light.

 • The most we could say is that there’s something like an influence that’s 
traveling faster than the speed of light as the wave function instantaneously 
collapses. But we can’t use it to send a message, or information, or even 
energy. In that sense, it doesn’t violate special relativity.

 • Yet something is traveling faster than the speed of light. How does that 
not violate relativity?

 • Imagine another scenario where something travels faster than the speed 
of light but there is no violation of special relativity.

 • Picture, for example, a cosmic-sized movie theater. Let’s say you are 
sitting on the left side of the screen, close enough to touch it, and your 
friend is, say, 2 light-years away from you, sitting on the right side, also 
close enough to touch the screen.

 • Let’s say that the projector for this film is about 3 light-years away from the 
screen. That means it’s going to take the light from the projector at least 3 
years to get to you and your friend at the screen. The whole setup means 
that if you and your friend wanted to communicate, it would take 2 years 
for your email or text to get to your friend, and vice versa.
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 • Now let’s think about what might happen if a bug were to crawl across 
the lens of this cosmic movie theater projector, starting from the left side of 
the lens and heading to the right, and altogether it took the bug about 2 
seconds to crawl across the lens. This would cast a bug-shaped shadow 
on the projection screen, and the shadow would start where you are and 
head to where your friend is 2 light-years away.

 • To the audience in this cosmic theater, the shadow of the bug would 
move faster than the speed of light—in fact, it would move much faster 
than the speed of light. But there’s no way that you could cause some 
change in the shadow of the bug to send your friend a message. The 
shadow is set somewhere else; you can’t change it.

 • This is a great example of something that can propagate faster than 
the speed of light but can’t carry any mass or energy or information. 
Therefore, there’s no violation of relativity.
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 • This thought experiment shows us that just because something travels 
faster than the speed of light does not mean that relativity has been 
violated. The bug’s shadow on the screen travels faster than the speed of 
light, but it can’t carry information or energy from one side of the screen 
to the other, so there’s no violation of relativity.

 • Something similar appears to be happening with wave function collapse. 
The collapse is instantaneous, which is certainly faster than the speed of 
light, but so far no one has found a way to use that to send energy or 
information faster than light. Therefore, wave function collapse does not 
violate special relativity.

READINGS
Einstein, Podolsky, and Rosen, (1935). “Can Quantum-Mechanical Description 

of Physical Reality Be Considered Complete?”

Feynman, Leighton, and Sands, The Feynman Lectures on Physics, vol. 3, 
chap. 18, section 18.3.
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Lecture 23

Quantum 
Mechanics 
and Metals

T his lecture is about the quantum inner workings of a 
material that has been a cornerstone of technology 

for thousands of years—metal. The particular property of 
metal that powers the information age is that metals conduct 
electricity. This means that if we apply a voltage to a metal, 
then the electrons flow through the material. Something that 
flows is liquidlike, and the electrons inside a metal really are 
a liquid. Because of this, they can flow around inside the 
material in response to an applied voltage.  
 
But the metal is full of atoms. How can an electron flow like 
liquid from one side of a metal to the other with all of those 
atoms in the way? The electrons use a trick of quantum 
mechanics to sneak through the material.
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Metals in a Lattice
 • Imagine what it’s like to be an electron inside a metal. When you look 

around, you see all these atoms in your way. But inside a metal, atoms 
are regularly spaced; they’re crystalline. This means that if you look in 
any direction, you’ll see a regularly spaced sequence of atoms.

 • The key is that the electron is not just a particle, but it’s also a wave. 
And the electron uses this trick of quantum mechanics to move about in 
the material: It looks down any row of atoms, recognizes a particular 
periodicity, and adjusts its quantum mechanical wave to match that 
rhythm. By doing that, the electron can surf through the material and 
manage to avoid the atoms. If the electron were a particle without 
having any wave nature, it couldn’t do this!

 • One of the key points here is that the electron is not putting itself into 
a wave that’s localized on a particular atom. A highly localized wave 
has a high energy cost. That’s because the curvature of the wave is 
linked to the momentum of the wave. High curvature corresponds to high 
momentum, which costs a lot in energy.

 • So, in a metal, the electron lowers its energy by spreading out its wave 
function. It actually spreads out its wave so much that it ends up wiggling 
by roughly the same amount near every atom in the material. And the 
way in which the wave wiggles is so as to have the right rhythm so that 
the electron can surf along without hitting any of the atoms.

 • The electron can do this in any direction in the crystal. In different 
directions, the rhythm of an electron’s wave will be a little different to 
match the periodicity of the lattice in each direction.

 • Only some electrons inside the metal behave this way. In familiar metals 
like copper, gold, and silver, each atom has a lot of electrons associated 
with it. Most of the electrons stay close to their atoms in standing wave 
states. Those electrons are in core shells—energy levels that stay centered 
around the atom.
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 • It’s only the topmost electron from each atom that extends its way across 
the entire material so as to become liquidlike. Those are the electrons 
that contribute to the high conductivity of metals.

 • This whole idea of the topmost electron from each atom spreading its 
wave function out over the whole metal and adjusting its wave shape 
to avoid atoms helps us understand how metals can conduct electricity. 
This is one of the keys to how an electron can get from one side of the 
material to the other without bumping into the atoms.

 • If that were the whole story, though, metals would be perfect conductors. 
But they’re not. They lose a little of energy as they carry electricity.

For any device that plugs into the 
wall, its power cord has inside it some 
metal—typically copper—and that’s 
what is used to carry the electricity.  
 
If you feel the power cord while it’s in 
operation, you’ll find that it’s a little 

warm. This means that it’s losing 
energy; it’s radiating the 

energy away as heat. 
Hot things glow, and 

the wire is emitting 
photons in the 

infrared. 
So, if you put on infrared goggles 
and looked around your house, you 
would see that all the wires that are in 
operation would be glowing in the infrared.
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 • When you’re first learning circuits, you assume that the wires that connect 
the resistors in the circuit don’t have any resistance. But that’s not quite 
true. They have a little resistance; it’s just very, very tiny compared to the 
large resistance of a resistor in your circuit. That’s why you neglect the 
resistance of the metal wires when you’re first learning circuits.

 • But really, metals have a finite amount of resistance. It’s small, but it’s 
there. And it matters for our overall power consumption.

 • What’s that resistance coming from? Why do electrons in a metal lose 
energy as they carry electricity?

 • One reason has to do with defects in the atomic periodicity in the metal. 
When an electron moving in a metal encounters a defect, such as a 
missing atom, it does something like tripping and falling. The electron 
wasn’t expecting the defect, so it scatters off of the defect, losing some of 
its own energy and transferring it into that periodic arrangement of atoms 
called the lattice.

 • Then, the atoms in the material have more energy, which makes them 
wiggle a little more, which ultimately causes them to radiate away 
photons and lose energy as blackbody radiation.

Can We Make Better Metals?
 • If you spend more money to make a better material, you can get a 

metal with fewer defects. But that only lasts a while. Thermodynamics 
forces some defects into the material. When you store that material 
at any nonzero temperature, there’s a thermodynamically required 
concentration of defects that work their way into the material. This is one 
source of resistivity inside a metal, and it’s not something that can be 
easily avoided.

 • Another source of resistance in the metal is that the atoms are all wiggling 
a little due to temperature. The warmer the material, the more the atoms 
wiggle.
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 • Inside a crystalline material, the atoms are regularly spaced. They have 
a preferred spot, but they rattle around it. The energy landscape for the 
atomic positions is like an egg carton potential, and each atom is sitting 
at the bottom of one of the dimples. And if we turn up the temperature, 
all of the atoms wiggle a little more inside their little potential wells. All of 
that thermal motion causes the electrons to scatter a lot.

 • So, to make the metals better conductors, we can turn down the 
temperature. If we do this, the atoms in the metal will wiggle less and 
less as the temperature is decreased, which means the electrons will 
scatter less and less. At lower temperatures, the material has a lower 
resistivity as a result. It becomes a better conductor as we lower the 
temperature more.

 • But this only works up to a certain point. And then, we hit the quantum limit.

 • Even if we could turn off temperature entirely and reach 0 kelvin, which 
we can’t do, will the atoms ever stop wiggling completely?

 • Each atom is trapped in the bottom of something like an egg carton 
potential, and the bottom of any smooth bowl acts like a harmonic 
oscillator. And harmonic oscillators in their ground state always have 
quantum zero-point motion.

 • The atom can’t stop wiggling. To do that, it would have to have a highly 
peaked wave function. But that has a lot of curvature to it, and a high 
curvature to the wave means a high momentum, which costs extra energy.

 • So, even at very low temperatures, the atoms will be wiggling all the time 
due to quantum zero-point energy. This is the fundamental reason why 
metals can’t be perfect conductors.

 • The electrons still have to obey the Pauli exclusion principle, but how do 
they do that, even while many of them are spread out all over the entire 
material?

https://www.thegreatcourses.com/


203

 • Matter is made out of fermions, and this is the reason why no 2 pieces of 
matter can occupy the same spot at the same time.

 • Inside a metal, the topmost electron will pop off of each atom and go 
into a wave state that’s extended across the entire material. That makes 
it sound like many, many electrons are occupying the same space at the 
same time, in violation of the Pauli exclusion principle.

 • How can electrons behave this way and still obey the Pauli exclusion 
principle? The key is that each electron needs to be in a different 
quantum state.

 • Consider a metal that only has one dimension and is made from a line 
of potassium atoms. All the metals we’re used to exist in 3 dimensions of 
space, but the basic idea of how to form the standing wave shapes is the 
same in one dimension.

 • In a typical metal, each atom will contribute its highest-energy electron, 
which will then pop off and become mobile around the entire metal.

 • Let’s say that each of these atoms will contribute an electron from its s 
state. What are the standing wave shapes that the electrons need to 
go into?

 • The simplest thing we can do is directly add each of the s states together. 
We’re thinking now of a state where there’s a piece of the wave on each 
atom, so that when we go to look for the electron, we could find it on 
any atom in the crystal, which means the likelihood of finding it on any 
one atom is low.

 • This is one example of what a standing wave shape of a metallic electron 
can look like: It’s extended across the entire material. This is how the 
electron uses quantum mechanics to sneak through the lattice of atoms!

The Pauli exclusion principle tells us that no 2 fermions can 
do exactly the same thing at the same time; they have to be in 
different quantum states.
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Organizing the States in Energy
 • We can use the quantum idea of superposition to construct a set of states 

with different phase shifts from atom to atom. Then, we can use the Pauli 
exclusion principle to tell us how to fill the states with electrons.

Each of these states are wave shapes that the electron could take inside a 
metal. And they’re each sufficiently different that we could put a spin-up 
and a spin-down electron into each state and there would be no violation 
of the Pauli exclusion principle.
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 • Here’s an important key to a metal’s ability to conduct electricity: If 
we were to fill the atomic energy levels all the way up to the top, there 
wouldn’t be any wiggle room, and no room for the liquidity of a metal 
state. But a metal fills up these states only halfway to the top, because 
we can put 2 electrons in each state: one with spin up and the other with 
spin down.

 • This means that when we apply a voltage to the metal, there’s room 
for some of the electrons to get kicked up to a slightly higher energy 
level in this series of states. Those excited electrons are the ones that are 
ultimately responsible for carrying the electricity when we put a voltage 
on the material.

 • In a big chunk of metal—one that’s large enough that we can use it as, 
say, a power cord or a wire to carry electricity—the spacing between 
these energy levels is very tiny, and in that limit, this set of energy levels 
is called a band. In fact, it’s called the conduction band because it 
conducts electricity.

READINGS
Feynman, Leighton, and Sands, The Feynman Lectures on Physics, vol. 3, 

chap. 13. 

Kittel, Introduction to Solid State Physics, chap. 9, “Tight Binding Method of 
Energy Bands” section.
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Lecture 24

Superconductivity

M etals are not quite perfect conductors. 
Superconductors are much better conductors than 

metals. A great advantage of superconductors over metals is 
that they conduct electricity without losing any energy at all.

Metals versus Superconductors
 • As electrons travel through a metal, there are lots of atoms in the way. 

If the atoms are all exactly where they’re supposed to be, then the 
electrons have a way to sneak through the atomic lattice—which is the 
regular arrangement of atoms that make up the material.

 • The electrons can do this by using a quantum mechanical wave that 
spreads out throughout the entire material, arranged in such a way that 
the electron doesn’t bump into the regularly spaced atomic lattice.

 • But what happens when one of those atoms is out of place? When the 
electron encounters an atom that’s either missing or wiggling too much 
due to temperature or quantum fluctuations, then the electron inside a 
metal will scatter, losing its own energy and dumping it into the atomic 
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lattice. When the electron scatters, it’s like the electron smacks into an 
atom, which then starts to vibrate, which causes the other atoms in the 
atomic lattice to vibrate, and all of that energy gets radiated away 
as heat.

 • Even though we can get rid of some of the wiggling of the atoms by 
turning down the temperature, quantum mechanics requires the atoms to 
always wiggle a little, due to quantum zero-point motion.

 • The upshot here is that the atoms are always wiggling. This means that 
atoms are always ready and waiting to kick electrons around and cause 
them to lose energy rather than simply carrying electricity. And this means 
that while metals are good conductors because of their small resistance, 
the metals we use in power cords and power lines are always losing 
energy due to the fact that their resistance is not zero.

 • Ultimately, that lost energy gets converted into heat, but the point is that 
the energy is wasted.

 • Wouldn’t it be nice to find a material that doesn’t waste all that energy 
while carrying electricity?

 • A great surprise came in 1904, when Dutch physicist Heike Kamerlingh 
Onnes figured out how to take helium gas and turn it into liquid helium. 
When liquid helium is at ambient pressure, it’s only −452° Fahrenheit, or 
4.2 kelvin, just slightly above the absolute zero of the temperature scale.

 • When Kamerlingh Onnes took a solid mercury wire and immersed it in 
that very, very cold liquid helium, he saw that the mercury wire could 
conduct electricity with no resistance at all. He had found a material that 
doesn’t leak energy while 
carrying electricity! And 
because the resistance went 
away suddenly at a specific 
temperature, he realized 
that he had discovered a 
new state of matter, called 
a superconductor.

Heike Kamerlingh Onnes, 
the physicist who discovered 
superconductivity, received the 
Nobel Prize for Physics in 1913.
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 • The main characteristic of a superconductor is that the electrons in the 
superconducting state carry current perfectly—they can move right 
through the material without losing any energy. Somehow, they manage 
to slip through without crashing into any atoms, despite the fact that the 
atoms are always wiggling due to quantum zero-point energy.

 • One of the ways we know this is that if we set up a superconducting 
wire and put it into a loop that connects back to itself and then start a 
superconducting current in that loop and walk away, the current basically 
goes on forever, or as long as anyone has measured.

 • The other main characteristic of a superconductor is that it expels magnetic 
fields from its interior.

 • According to Lenz’s law, if we set up a loop of wire and then try to 
bring a magnet close to that loop, the wire will spontaneously generate 
a current that in turn creates its own magnetic field in order to oppose 
having the magnetic field inside the loop of wire.

 • For a wire made of metal, that current dies out very quickly because 
the metal has resistance. So, we can actually get a magnetic field to 
penetrate through the loop; we just have to wait a few nanoseconds for 
the Lenz’s law currents to die down.

 • But what happens when we try it with a superconducting wire?

 • Imagine taking a superconducting material and putting it into the shape 
of a loop. Now bring a magnet close by. Because of Lenz’s law, the 
superconductor spontaneously generates a current to keep the magnetic 
field out of its loop. And in the case of the superconductor, that current 
will never die down, so in this case, we won’t be able to get a magnetic 
field to penetrate through the loop, even if we wait a long time.

 • Now imagine filling in the loop of wire so that it becomes one big, solid, 
superconducting disc. That same physics of Lenz’s law, combined with 
the fact that the superconductor can carry a current forever without 
losing energy, means that magnetic fields don’t penetrate the interior 
of superconductors. This effect is so strong that superconductors repel 
magnets because of it!

https://www.thegreatcourses.com/


209

 • The exciting thing about that 
is that superconductors can 
be used to levitate magnets, 
and vice versa. Levitation can be 
used to give us frictionless motion 
(or practically frictionless motion).

 • Imagine a train that works by this kind 
of levitation. We could have a long 
magnetic track and then a train lined with 
superconductors on the bottom. The train 
could then move along a magnetic track 
essentially without friction.

How Superconductivity Works
 • How can the electrons inside a material conduct electricity without ever 

bumping into any of the out-of-place atoms or other defects that are in 
the material?

 • The key idea involves the difference in the ways that fermions and bosons 
behave. Fermions cannot occupy the same space at the same time 
because they must obey the Pauli exclusion principle. However, bosons 
do not have to obey the Pauli exclusion principle; therefore, bosons can 
occupy the same quantum mechanical state at the same time.

 • And it turns out that there’s no limit to how many bosons we can pack into 
a single quantum level. Not only is there no limit, but it seems that bosons 
actually like to all pack into the same level. Given the opportunity, they 
tend to do so at low temperature.

 • Here’s an important key to understanding superconductivity: If we take 
an even number of fermions and get them to act like one big object, then 
that big object is itself going to act like a boson.
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 • At the lowest temperatures, a collection of bosons will all flock to the 
lowest energy level. This is a very stable state, in fact; it’s actually even 
hard to pluck one of those bosons out of it. This leads to dissipationless 
flow, which is what is called a superfluid. Dissipation is another name for 
things like friction or resistance—any physical process by which a system 
loses energy to its environment. A fluid that flows with no such losses 
flows perfectly, which is why it’s called a superfluid.

 • If we make a superfluid out of neutral 
bosons—which have no net charge—the 
superfluid can’t carry electrical current. 
This is because only charged objects 
interact with the electric field. So, in 
order to conduct electricity, a material 
must be able to move, or conduct, 
charged particles through its interior.

 • But what would happen if we could make a superfluid out of charged 
bosons rather than neutral bosons? That would form a superconductor, 
which is a superfluid state that can carry charge.

 • The key to how a superconductor can conduct electricity perfectly is 
this: The electrons inside the material have to use the buddy system. They 
pair up into composite bosons, which means that the bosons have some 
structure inside them and they are made up of other particles. In the 
case of the superconductor, the composite bosons are made up of 2 
electrons each.

 • Imagine, then, that inside a superconductor the electrons pair up and 
use the buddy system. Then, we consider that each pair of electrons acts 
like a single boson, and it is negatively charged because the 2 electrons 
comprising it are negatively charged.

 • When we lower the temperature on those bosons, what do they do?

 • They all flock to the lowest energy state. And they can all occupy the 
lowest energy state at the same time, because bosons are allowed to 
do that.

A superfluid is a perfect 
fluid in the sense that it 
has no viscosity, which 
means that there’s no 
resistance when it flows.
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 • So, imagine these bosonic pairs of electrons all in the lowest energy 
state that’s available. And now imagine that we start a little current in 
that system so that all of the bosonic electron pairs are moving together. 
Next, imagine what would happen if one of those pairs of electrons 
encounters a defect in the material, such as an atom that’s out of place 
or an extra or missing atom.

 • When an electron in a metal hits an out-of-place atom or any kind of 
defect at the atomic level, it loses its energy to the atomic lattice. Because 
the electron loses energy in this process, the electron ends up in a lower 
energy state than it was in before it hit the defect.

 • What will happen in the superconductor when a bosonic pair of electrons 
encounters a defect in the atomic lattice?

 • In order for that pair of electrons to hit the defect and lose energy, there 
would have to be some lower energy state for the pair to end up in after 
it scatters off of the defect.

 • But these bosonic pairs of electrons are already in the lowest energy 
state possible. So, if a pair of these superconducting electrons were to try 
to bump into a defect and lose some energy to the lattice, where would 
the electron pair go after that?

 • There is no lower energy state for those paired electrons to go into! This 
means they are quantum mechanically forbidden from scattering off of 
defects in the material so as to lose energy. In other words, because 
these electron pairs are already in the lowest energy state possible, they 
therefore can’t lose any energy, even when they pass a defect in the 
material.

 • This is what leads to superconductors being able to carry current and 
not lose any energy. And this quantum mechanical ability for a pair 
of electrons to pass by a defect without losing any energy is how 
superconductivity works.

Understanding the Quantum World

LECTURE 24  Superconductivity

https://www.thegreatcourses.com/


212

Understanding the Quantum World

LECTURE 24  Superconductivity

APPLICATIONS OF SUPERCONDUCTIVITY 
 
Superconductors are so useful that they are already 
applied, even though we don’t yet have any that work 
at room temperature. They need to be cooled by liquid 
nitrogen or some other refrigeration device. Applications of 
superconductors include

 levitating trains, which save energy because they don’t 
have to fight friction on their tracks; 

 wind turbines, or windmills;

 frequency filters for cell phone towers, to 
increase the number of mobile devices that can 
connect to a single tower;

 electromagnets employed in magnetic 
resonance imaging (MRI) machines; and

 superconducting quantum interference 
devices (SQUIDs), which are the most 
sensitive instruments that exist for 
detecting magnetic fields and 
are used in laboratories for 
scientific research and to 
detect brain waves.
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READINGS
Coyne, “Superconductivity 101.”

Feynman, Leighton, and Sands, The Feynman Lectures on Physics, vol. 3, 
chap. 21.
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1 The word quantum specifically relates to which of the following?

A The small size of quantum objects

B The high speed of quantum objects

C The fact that quantum measurements result in discrete values

D The fact that quantum objects behave as both particles and waves

2 In the 2-slit experiment, suppose that electrons are being sent through 
both open slits. If there are measuring devices at both slits capturing 
the event when the electron passes through, which of the following 
statements is true?

A The pattern recorded on the screen behind both slits will resemble 
that of particles.

B There will be no pattern recorded on the screen behind the slits.

C The screen behind the slits will show a wave interference pattern.

D There will be a split result, with the screen showing a particle pattern 
behind one slit and a wave interference pattern behind the other.

Solutions are provided on page 220.
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3 Which of the following is true of Bell’s theorem?

A It supports the perspective underlying the EPR paradox.

B It supports local hidden variable theories.

C It falsifies the pilot-wave theory.

D It falsifies local hidden variable theories.

4 The key aspect of a measurement process involves the consciousness 
of the observer. This concept aligns most closely with the perspective 
of whom?

A Albert Einstein

B Richard Feynman

C Eugene Wigner

D Hugh Everett

5 In taking a quantum measurement, suppose that you measure the 
wavelength from crest to crest repeatedly and arrive at a high degree 
of certainty about the wavelength pattern. This measurement aligns 
with which of the following statements?

A You can have a high degree of certainty about the particle’s 
position.

B You can have a high degree of certainty about the particle’s 
momentum.

C You can have a high degree of certainty about the particle’s position 
and its momentum.

D None of the above.
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6 Opposites attract, but a negatively charged electron doesn’t sit right 
on top of a positively charged nucleus. This is one manifestation of 
which of the following?

A The EPR paradox

B Orbital angular momentum

C An antibonding orbital

D Heisenberg’s uncertainty principle

7 Which of the following is not a rule governing the behavior of electron 
waves around an atomic nucleus?

A Nodes pass through the nucleus or are concentric with it.

B Fast-moving particles have long wavelengths.

C Electrons are attracted to the nucleus.

D Each node increases the kinetic energy.

8 Which of the following is not true of atomic orbitals?

A Energy level 4 has 3 nodes.

B P-states are characterized by one planar node.

C S-states have at least one nonspherical node.

D D-states might include conical nodes.
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9 For quantum stationary states, the only thing that changes with time is 
which of the following?

A The overall energy of the state

B The phase of the wave function

C The probability distribution of the particle’s location

D The probability distribution of the particle’s momentum

10 Why is graphene a 2-dimensional material?

A Electrons in it pair to form composite bosons.

B The chemical bonds are formed from sp3 hybridized electron waves.

C The chemical bonds are formed from sp2 hybridized electron waves.

D The electrons in graphene have a high zero-point energy.

11 Which of the following is not true of the ground state of a harmonic 
oscillator?

A It has exactly one node.

B It is the lowest energy state.

C It can never have zero energy.

D It has the same frequency of oscillation as any excited state.

Understanding the Quantum World

QUIz

https://www.thegreatcourses.com/


218

Understanding the Quantum World

QUIz

12 What does the Casimir effect demonstrate?

A Electrons naturally go to stationary states.

B Measurements collapse the wave function of quantum objects.

C Electrons have intrinsic angular momentum.

D Particle-antiparticle pairs pop into and out of existence all around us.

13 Which of the following can be said, based on evidence from Stern-
Gerlach experiments?

A Electrons always behave like miniature bar magnets.

B Assuming 2 Stern-Gerlach devices oriented in the same direction, if 
you collect polarized electrons that are run through the first device, 
they will create 2 distinct spots on a detection screen when run 
through the second device.

C A nonpolarized beam of electrons sent through a single Stern-
Gerlach device creates a thin vertical or horizontal smear on the 
detection screen.

D The act of measuring can requantize the spin axis of a beam of 
electrons.

14 What does the photoelectric effect demonstrate?

A Electrons only shoot out of a material once you use light of a high 
enough frequency.

B Electrons store photons over time before moving up to a higher 
energy level.

C Electrons only shoot out of a material once you use light of a high 
enough intensity.

D Photons obey the Pauli exclusion principle.

https://www.thegreatcourses.com/


219

15 Which of the following is not true of an absorption spectrum?

A The dark spots in an absorption spectrum correspond to the 
frequencies at which a gas of atoms absorbs those frequencies 
of light.

B Absorption spectra are used to determine the composition of stars.

C Absorption spectra are collected from photons that are released 
when atoms decay from an excited state down to a lower-
energy state.

D The dark spots in an absorption spectrum happen at the same 
frequency as the bright spots in an emission spectrum.

16 Which of the following is not true?

A Photons with a frequency between about 400 and 700 nanometers 
are absorbed by human photoreceptor cells.

B When the cis-retinal complex absorbs the right color photon, that 
breaks a pi bond, allowing the molecule to twist into a trans state.

C The photopigment melanopsin helps regulate circadian rhythms.

D Cones and rods have very sharp absorption lines.

17 Quantum tunneling has an application in which of the following?

A GPS systems

B Flash memory drives

C Magnetic levitation

D Neon lighting systems

Understanding the Quantum World
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18 Which of the following is true?

A Bosons have a spin of 1/2 ℏ.

B Electrons have integral spin.

C Fermions do not have to obey the Pauli exclusion principle.

D Bosons are particles that have integral spin.

19 In a metal, which of the following is true?

A The topmost electron from each atom has a highly localized 
wave shape.

B Atoms stop oscillating at 0 kelvin.

C The topmost electrons fill only half the quantum states available 
to them.

D Electrons violate the Pauli exclusion principle.

20 In a superconductor, which of the following is true?

A There are no defects in the atomic lattice.

B Composite bosons can’t lose energy by scattering off of defects 
because there is no lower energy state for them to go into.

C Some energy is lost due to zero-point motion.

D A high level of resistance makes it possible to levitate magnets.

ANSWERS

 1 C, 2 A, 3 D, 4 C, 5 B, 6 D, 7 B, 8 C, 9 B, 10 C, 
 11 A, 12 D, 13 D, 14 A, 15 C, 16 D, 17 B, 18 D, 19 C, 20 B
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